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Chapter 1

Introduction

This thesis is dedicated to the study of the incompressible Navier—Stokes equation

in dimension d = 2, 3:
O+ u-Vu+ Vp = vAu, divu = 0. (1.1)

Systems ((1.1) models the motion of an incompressible fluid with viscosity constant
v > 0. In this equation, the unknown quantities v and p represent the velocity field
and the pressure field of the fluid. The purpose of this thesis is to present results in

[Yan20], [VY21D], and [VY21a], which cover the following three subjects:
(a) Maximal functions associated with skewed cylinders and incompressible flows,
(b) Second derivatives of suitable solutions to the 3D Navier—Stokes equation,

(c) Boundary vorticity of Navier—Stokes and applications to the inviscid limit.

1.1 Navier—Stokes equation

The Navier—Stokes equation (1.1) can be used to model and predict many natu-

ral phenomena such as ocean currents, atmospheric flow, hurricanes, or tsunamis.



It also has a wide range of applications in engineering practices, for instance, oil
extraction and transportation and aircraft design. This thesis aims to study some
regularity results for the weak solutions and their behaviors at the zero-viscosity

limit, and partially addresses the following two questions:
1. How regular can our constructed global-in-time weak solutions be?

2. How stable is the system with regards to perturbation in the initial value and

the parameter v as v degenerates to zero?

To be more precise, let  be an open subset of R?, which for instance may
be a bounded domain with smooth boundary, a periodic channel, a half-space, or
the entire space R?. The motion of an incompressible, homogeneous, viscous fluid

is prescribed by the following Navier—Stokes equation,

Ou+u-Vu+Vp=vAu+f in (0,7) xQ
divu =0 in (0,7) x Q
(NSE)
u‘tzozu[) in
u=20 on (0,7) x 09

In this equation, the unknowns are u : (0,7) x  — R3 and p : (0,7) x Q — R,
which record the velocity and the pressure of a fluid parcel at time t € (0,7") and
at position z € Q. f : (0,7) x Q — R? is a given force function. T > 0 is
the duration of the solution, and v > 0 is the kinematic viscosity constant. div
denotes the divergence operator, and the second equality divu = 0 is known as the
incompressibility constraint. ug : £ — R? is a given initial velocity profile, which

satisfies the incompressibility condition (i.e. divug = 0) and has a finite kinetic



energy:

/]u0|2daz < 00.
Q

With the presence of a nonempty boundary, the no-slip boundary condition u = 0
on 0f) is a physical constraint due to viscosity.
In the low viscosity regime, we will compare the solutions to (NSE) to the

following Fuler equation, which models the motion of an ideal fluid:

ou+u-Vu+Vp=f in (0,7) xQ
dive =0 in (0,7) x Q
(EE)
U|t:0=U0 in Q
u-n=>0 on (0,7) x 09

\

Here n is the unit outer normal vector on d€2. Compared with (NSE|), the differences
are the absence of the dissipation term Awu and the discrepancy in the boundary con-
dition. Due to the vanish of viscosity, the no-slip boundary condition is replaced by

u-n = 0, called the impermeability (or no-penetration/no-flux) boundary condition.

1.2 Literature Review

The Navier—Stokes equation is named after physicists Claude-Louis Navier and
George G. Stokes. During the past two centuries, engineers have been using Navier—
Stokes equation to successfully model and predict fluid motion. However, we still
have a limited understanding of this equation mathematically. A major open ques-
tion that has puzzled generations of mathematicians is the following: in dimension
three, does the Cauchy problem admits a unique smooth solution correspond-

ing to every smooth initial velocity ug? This is one of the seven Millennium Prize



Problems.

1.2.1 Regularity and Partial Regularity

Although the full regularity of the Navier—Stokes equation is still unknown to us,
there have been many partial results in this direction. In this section, we summarize
the main developments in the literature on the following three topics: smoothness

criteria, partial regularity, and higher regularity.

Smoothness criteria. It is proven that once the solution has enough regularity, it
is automatically smooth and unique. For instance, the Ladyzenskaya—Prodi—Serrin
criteria [KL57, [Pro59, [Ser62] [Ser63l, [FJR72|] states that: if the velocity belongs to

any space interpolating L?LS° and L°L3, i.e.

2 3
w€ LF Ly for some 0 < a < 1,

then it is actually smooth, hence unique. The endpoint case L{°L3 came much later
by Escauriaza, Seregin and Sverdk [ESS03]. When d = 3, these spaces require %
higher spatial integrability (or % higher temporal integrability) than the a priori

energy bound can provide, which is L°L2 N L7LS.

Partial regularity. Scheffer began to study the partial regularity for a class of
Leray—Hopf solutions, called suitable weak solutions [Sch76l [Sch77, [Sch78, [Sch80].
These solutions exist globally and satisfy the following local energy inequality.
Scheffer showed the singular set, at which the solution is unbounded nearby, has
a time-space Hausdorff dimension at most g This result was later improved by
Caffarelli, Kohn, and Nirenberg in |[CKN82] (see also [Lin98, [Vas07]), where they
showed the 1-dimensional Hausdorff measure of the singular set is zero. There

is also a series of works on the box-counting (Minkowski) dimension of the sin-



gular set [Kuk09, [RS09, [KP12, KY16, WW17, WY19], as well as Hausdorff and
Minkowski dimensions of hyperdissipative and hypodissipative Navier—Stokes equa-

tions [KsP02, TY15, [0za20, [CLM?20, [KO22].

Higher regularity. We will investigate the regularity of suitable weak solutions.
In the periodic setting, Constantin constructed suitable weak solutions whose second
derivatives have space-time integrability L5~ for any € > 0, provided the initial
vorticities are bounded measures [Con90]. This was improved by Lions to a slightly
better space L%"’o, a Lorentz space which corresponds to weak L3 space [Li096].
These estimates are extended to higher derivatives of smooth solutions by one of
the authors and Choi using blow-up arguments: L}’>° space-time boundedness for

(—=A)2V"u, where p = n>10< «a < 2 [Vasl0, [CV14]. They also

4
n+a+1?
constructed suitable weak solutions satisfying these bounds for n + o < 3. See
also higher regularity of the hypodissipative Navier—Stokes equation [KO22], and

spatial-temporal anisotropic regularity results [Sol77), [GS91, [MS95, [FGT™07].

1.2.2 Nonuniqueness of Weak Solution.

We now turn to negative results. If an Fuler solution is smooth enough, then it
should conserve the kinetic energy simply by integration by part since the flow
is frictionless. However, for weak solutions, energy does not necessarily conserve,
which means the nonexistence of smooth solutions or the nonuniqueness of weak

solutions.

Onsager conjecture. Chemist Lars Onsager conjectured that the energy dissipa-
tion of an ideal flow depends on the spatial regularity [Ons49]: if a solution to
is CPC< for a > % then the solution conserves energy, otherwise there is a possibility
for the anomalous energy dissipation. What happens in anomalous energy dissipa-

tion is that the energy is able to escape to infinite high frequency in the spectrum



and disappear in the form of turbulence. The positive part of this conjecture was
proven by Constantin, E, and Titi [CET94], and the negative part is solved using

convex integration.

Nonuniqueness of the Euler equation. The convex integration is a powerful
tool introduced by De Lellis and Szekelyhidi [DLS09] to construct spurious solutions
to the Euler equation and model turbulence. Szekelyhidi’s construction [Szé&11]
based on convex integration provides infinitely many solutions to with the
same shear flow as an initial value (see also Bardos, Titi, Wiedemann [BTW12]
for a different boundary geometry). This technique was successfully applied by
Isett [Isel8] to prove the Onsager theorem (see [BDLSVI9] for the construction of
admissible solutions, and [LK20] for dissipative solutions). Via a different method,
Vishik showed nonuniqueness and instability of the Euler equation [Vis18al [Vis18b]

(see also the recent lecture note [ABCT21D]).

Nonuniqueness of the Navier—Stokes equation. The nonuniqueness of mild
solutions in CyH; was proven by Buckmaster and Vicol using a convex integration
scheme [BV19]. See also the review article [BV21] and the references therein. Very
recently, Albritton, Brué, and Colombo [ABC21a] constructed a family of nonunique
Leray—Hopf solutions to a forced Navier—Stokes equation, based on the work of

Vishik of [Vis18al [Vis18b].

1.2.3 Inviscid limit and Prandtl layer

Denote u” to be a solution to with viscosity v > 0 and let u be a solution
to . The question of inviscid limit asks whether u¥ — @ in appropriate norm
if v — 0% and the initial condition u”(0) — @(0) also in appropriate norm. The
difficulty of proving or disproving the inviscid limit stems from the discrepancy in

boundary conditions.



Kato’s Criteria. In 1984, Kato |[Kat84] showed a conditional result ensuring the

2

2, under the a priori assumption that the

convergence of u” — u strongly in L°L
energy dissipation rate in a very thin boundary layer I'), of width proportional to v

vanishes:

T
lim/ / v|Vu|? dzdt = 0.
v—0 0 v

This condition has been sharpened in a variety of ways (see, for instance [TW97,
Wan01l, [Kel07, Kel08] and Kelliher [Kell7], for a general review), and similar other
conditional results have been derived (see for instance [BTWI12, [CKV15| [CEIV1T,
CV1g]). Non-conditional results of strong inviscid limits have been obtained only
for real analytic initial data [SC98|, vanishing vorticity near the boundary [Mael4l,
FT718], analyticity near the boundary [KVW20], or symmetries [LEMNLTO0S, MT0§].

Prandtl Layer. Inviscid limit postulates that the behavior of a low viscosity fluid
should behave similarly to an ideal fluid. However, the d’Alembert paradox claims
that the net drag force should be zero for an object moving at constant speed in an
ideal fluid, which is counterintuitive. Prandtl [Pra04] claims that in a thin layer near
the boundary, the fluid behaves much differently from its behavior in the interior.
It is expected that in favorable cases, the Prandtl boundary layer describes the
behavior of the solution u” up to a distance proportional to /v. However, even in
the simple shear flow case, it is possible to engineer families of initial values u”(0)
converging to the shear flow, but associated to Prandtl boundary layers which are
either strongly unstable [Gre(Q0], blow up in finite time [E00], or even ill-posed in
the Sobolev framework [GVDI0, [GVN12].



1.3 Main results

Here we present the main results in this thesis. The first is the content of Chapter
which states that the second derivative of a suitable solution is locally in the Lorentz
space L%’%“, which is an improvement from L3¢ of Constantin [Con90, [Vas10] and

L3 of Lions [Lio96, [CV14).

Theorem 1.1. Let u be a suitable weak solution to (NSE)) in (0, 00) x R? with initial
data ug € L?. Then for any q > %, K CC (0,00) x R3, there exists a constant Cy.Kx

depending on q and K such that the following holds,

3
1900, . < e (il +1).

The improvement is achieved based on a blow-up argument, a subquadratic local

theorem, and a new maximal function for skewed cylinders.

1. The blow-up argument was an idea used in [Vasl(, [CV14] to show higher
regularity and fractional regularity, which utilizes the scaling of the Navier—
Stokes equation. This method first blows up the equation near a spacetime
point by the parabolic scaling, and then a local theorem will provide estimates
using a local “pivot” quantity, finally the local estimates yield a quantitative
global estimate via scaling, usually with the help of a nonlocal operator like
the maximal function. The blow-up argument can be adapted to the fluid
equation by considering the “skewed cylinder” along with the flow, so the

parabolic regularization can apply when the drift is large.

2. The local theorem is an e-regularity theorem, stating that if a solution is suffi-
ciently small in a certain norm, the solution is smooth in the interior. Partial
regularity results were obtained with the quadratic norm of Vu [CKN82]. We
weakened the norm to almost sub-quadratic, using a mixture of subquadratic

norm |Vu|P with p < 2 and a small percentage of quadratic norm §|Vu|?.



3. Since the blow-up argument needs to be adapted to the flow, we need to
work out a new maximal function with cylinders which mix Euclidean and
Lagrangian description of the flow. We show that this new maximal function
is of weak-type (1,1) and strong-type (p,p) for p > 1, same as the classical
maximal function. Since |Vu|? is L! in space-time and |VulP is L%, we bound
V2u in a space which interpolates L35 and L%, i.e. the Lorentz space L34

a
for g > %. This part of work is accomplished in Chapter

The second result finds a uniform bound for the layer separation of any weak
inviscid limit of Leray—Hopf solution, and it will be presented in detail later in

Chapter

Theorem 1.2. Let Q = T4 x[0,1] with d = 2 or 3. Let u” be a family of a Leray—
Hopf solutions to (NSE,)) such that u”(0) converges strongly in L*(Q) to Aei, and

u’ — u®™ weakly, then
[u(T) — Aei[|72q) < CA’T  for a.e. T >0

where C 1s a universal constant.

This shows a layer separation with an energy proportional to A%T, while the
background flow has a kinetic energy of size A2. That means for T' < 1/A the flow
is “stable” even though the uniqueness and the inviscid limit are a priori unknown.
This is a new notion of pattern predictability and could have potential applications
to various other models. It should also be noted that this is an unconditional result
that is consistent with the nonunique weak solutions constructed using the convex
integration technique. See Proposition [5.1] where we constructed an example of a
weak solution with layer separation energy equal to 43T, based on the example of
Szekelyhidi [SzE11].

The proof is based on a new boundary vorticity estimate, which also uses the



blow-up argument near the boundary. The reason for choosing boundary vorticity
as our breakthrough is two folds: on the one hand, it is known that the problem
of inviscid limit is due to the difficulty of generation of vorticity on the boundary
(see [MM18]); on the other hand, it is due to a dimensional consideration. We need
to find an estimate for the unit viscosity Navier—Stokes equation that can survive
under the inviscid scaling. A detailed discussion on the scaling of the equation will

be presented in Section [2.3]

10



Chapter 2

Preliminary

2.1 Notation

Let us begin by introducing notations in this manuscript.

2.1.1 Vectorial notations

For two d dimensional vectors u and v, the tensor product is a d by d matrix

T with elements

U Qv =uv
(u® )i = wv;.
For two d by d matrices A = (a;;) and B = (b;;), we denote the colon product to be
A:B =Y ajb.
ij

For two vector fields u, v, denote the directional derivative by

(u-V)v=(Vv)u = Z u;0;v.

11



For a vector field u, the divergence operator is defined by

divu = Z O

while the curl is denoted by

V xu= (82’LL3 — 83U2, 83u1 — 81U3, 81UQ — 82’LL1)—r d=3
curlu =

VL~u:61uQ—(‘)2u1 d=2

The Jacobian matrix Vu has entries
(Vu)ij = Ojui
For a 2-tensor (i.e. matrix-valued) field A, we denote the divergence to be

divA = Z 6jaj

J

where a; is the jth column of A. In particular, when u and v have sufficient regularity

we have the Leibniz’s law
div(u ® v) = (divo)u + v - Vu.
For a scalar field p, the Hessian matrix is denoted by
Vip = V(Vp),
and the Laplacian is denoted by

Ap = div(Vp).

12



2.1.2 Function spaces

For an open subset @ C R? equipped with the standard Lebesgue measure, for
0 < p < oo, denote LP(Q2) to be the set of measurable functions f for which the

following integral is finite:

/]f]pdx<oo.
Q

When p > 1, LP(Q) is a Banach space equipped with norm

(JolfPde)? p<oo

11 Loy =
esssupgq f p =00

For integer k& > 0, denote W¥P(Q) to be the Sobolev space which consist of LP(f)
functions whose distributional partial derivatives up to kth order also belong to

LP(Q). When p > 1, it is a Banach space with norm

1
(S V)" 2 <00

maX|a\§r”vaf||L°°(Q) pb=00

1f lwrr(o) =

We denote T/V(l;€ () to be the closure of compactly supported, infinitely differentiable
functions C2°(R2) in WHP(Q) norm. The dual of space of VV(/;C P(Q) is denoted by
WP (Q) where p/ = 5P is the Holder conjugate of p. We denote WEP(Q) to be

the homogeneous spaces with seminorm

1
(Z\M:rnvaf”ﬁp(ﬂ))p p <0

max|o|=r [V fll poo () P =00

HfHWk,p(Q)

In particular, if p = 2, we denote H*(Q) = W*2(Q), which is a Hilbert space.

13



HE(Q), H*(Q), H*(Q) are defined similarly.

2.1.3 Spaces involving time

For vector fields or tensor fields, we employ the same notations to mean the norm

is bounded component-wise. For a Banach space X and T >0, 1 <p < o0
LP(0,T; X)

contains all strongly measurable functions f : [0,7] — X whose value has a norm

which is L? integrable in time, i.e.

(s ar)’  p<o

esssupg<i<r [l f(D)llx P =00

11l zr 0,7:30)

If X = L9(Q) or X = Wk4(Q), we may abbraviate
12(0,T; L9(Q) = TELI((0,T) x ), LP(0, T3 WH(S)) = LIWE((0,T) x ).

Finally, C(0,7; X) is the set of functions that are continuous from [0, 7] to
X, and C,,(0,T; X) is the set of functions that are continuous in the weak (star)
topology. In other words, for any function f € C,,(0,7; X) and for any test function

v e X', (f(),¢) is a continuous real-valued function defined in [0, 7.

2.2 Weak solutions to the Navier—Stokes equation

In this section, we introduce various types of solutions to the Navier—Stokes equation

that are weaker than the classical solution.

14



2.2.1 Distributional solution

We say u € L? (0, T; L2(Q)) is a distributional solution if it satisfies (1.1 in distribu-
tion, that is, for any smooth incompressible flow ¢ € C°((0,T) x 2) with divy = 0,
for any smooth function ¢ € C2°((0,7) x ), it holds that

T T
/ /u-(8t90+(u-V)cp—|—1/A<p)d:rdt:O, / /u-Vqﬁdxdt:O. (2.1)
0o Jo 0o Jo

Note that for merely distributional solution, the initial value and the boundary
conditions are ill-defined, because there is not sufficient continuity to define u(0)
or trace u! 5o However, the “normal trace” w - n is still a well-defined quantity
in L2(0,T; H _%(Q)) This quantity will be useful for weak solutions to the Euler
equation, in which a non-penetration boundary condition is prescribed instead of

non-slip boundary condition.

2.2.2 Leray—Hopf solution

Leray—Hopf weak solution (or Leray—Hopf solution for short), named after mathe-
maticians Jean Leray and Eberhard Hopf, refer to distributional solutions in the

energy space
u e Cyu(0,T; L*(Q)) N L2(0,T; HY(Q)) (2.2)
satisfying the energy inequality: for every ¢ € (0,T), it holds

1 1
5”“@)”%2(9) + V||Vl 220 xa) < §HU(O)||%2(Q)~ (ED)
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It is easy to verify that for any divergence-free test function ¢ € C([0,7] x )
vanishing on 0€2, it holds that

(u(t), o(t)) = (u(0), (0)) + /0 /ﬂ(u @u—vVu): (V) +u-owpdedt.  (2.3)

In some literatures, people use the following alternative energy inequality: for every

s,t € (0,T), it holds

1 1 ,
§||U(t)Hi2(Q) + V[ VullZ2 (s 1y x0) < 5““(8)!’%2(9)- (ET)
In this thesis, (EI]) will be used instead of (EI).

2.2.3 Mild solution

Using the notion of the strong solution in the ODE theory, the mild solution (Oseen)
refers solutions that satisfy in the integral sense. To be more precise, given
s > 0 and a divergence-free initial velocity profile ug € H*(2), an H*® mild solution
(Fujita-Kato) refers to w € C(0,T;H*(Q)) N L?(0,T; H**(Q)) which obeys the

integral equation for every ¢ € (0,7):

u(t) = e’y + /Ot e”(t*S)APCHrl(div(u(s) ® u(s)))ds. (2.4)

Here Py, is the Hodge projection to the divergence-free part, and et is the heat

tA

kernel, meaning that for any ug € L*(Q2), u = e'®ug is the unique solution to the

heat equation with Dirichlet boundary condition

Ou=Au in (0,7) x Q
u‘t:o =wug in {2

u=20 on 0f) .
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We include here two well-known results on mild solutions. See for instance [Ose27,

Ler34].

Theorem 2.1 (Local well-posedness). Navier—Stokes equation is local in time well-
posed in the space CYHS for s > g. That is, for any initial condition ug € H*(R?),

there exists a unique solution up to some terminal time T depending on d, s and ug.

Theorem 2.2 (Weak-strong uniqueness). If u is a strong solution, then wu is the

unique Leray—Hopf solution.

2.2.4 Suitable solution

In the work of Caffarelli, Kohn, and Nirenberg [CKN82] on partial regularity, they
introduced the notion of suitable weak solution, which means a Leray—Hopf weak

solution u that satisfies the local energy inequality in distribution:

2 2 2
at|u2| + div (u (|u2| +p>> + V|Vu|2 < VA|U2’. (LEI)

They showed the #! Hausdorff measure of the singular set of a suitable weak
solution is zero. Note that implies simply by integration in (s,t) x Q. It
is also refered as a dissipation solution in the work of Duchon and Robert [DRO0],
and the dissipation term D(u) defined below is a nonnegative distribution encoding
the lack of smoothness:

2 2 2
D(u) = yA’u2| - 5t|u2’ —div (u (|u2’ —l—p)) —v|Vu* > 0.

By setting v = 0, this can also be used to define the dissipative solution to the Euler

equation.
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2.3 Scaling and dimensional analysis

There are two scalings that we bear in mind for the Navier—Stokes equation. One

is the parabolic scaling;:
Poult,z) = eu(e’t, ex).

If u solves (NSE|) with viscosity v in (0,7) x €, then Z.u solves (NSE|) with the

same viscosity, in (0,7/e?) x Q/e. The other is the linear scaling:
Zou(t, z) = u(et, ex).

If u solves (NSE|) with viscosity v in (0,7") x €2, then Z.u solves (NSE)) with viscosity
v/e,in (0,7 /€) x Q/e. In particular, if u” solves (NSE|) with viscosity v, then £, u”
solves (NSE|) with unit viscosity 1.

For higher regularity, the correct a priori bound can be anticipated using a

dimensional analysis. For instance, the kinetic energy of initial value has the scaling
|Z-Zulli2() = &% | ull 12(ceqr
The total dissipation of kinetic energy has the scaling
/IV(ZeZ)li20r)xa) = € Y€ WIVullTa(oc2er) e

So they have a matching scaling. We also see this because both ||ul|3, and 1/|]Vu||%§ .
have dimension L**?T~2, where L is the length unit and 7 is the time unit. Simi-

larly, for any n if we want to find m, p, n such that I/mHV”uHip has the same scaling
t,x
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as before, then from

/N (P} oy = P (0™ () ) [Vl

_ <(_:(n—i—l)p—2—al€np—l—m—all/m anunip
t,x

we find that m,p need to be

_ 4
P=a
m:np—lz?;ﬁr_ll:3—p

The index p = %H is consistent with the higher regularity results in [CV14]. There-

fore, a dimensionally correct nonlinear a priori bound one may expect is
34 n, v 2
S [V u” |31 dz dt < Clluol[72(q)-
(0,T)x €
1. The case n = 1 is known to be the a priori bound of energy dissipation:
V|2 1 2
v [Vu["dzdt < S |luollz2(q-
(0,7)x$2 2

2. The case n = 0 estimates the L* norm of the velocity by

1/_1/ | dadt < Cluo|Za 0.
(0,T)x2

This cannot be derived from the Sobolev embedding or the Ladyzenskaya

inequality, even in dimension 2. Note that in dimension 2 we have

/ |u”|4dm§0/ |u”|2d:n/ |Vu?|? de.
R2 R2 R2
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Integration in time yields

/ lu’|*dz < C sup { \u”(t)\zdx}/ IVu?|? dz
(0,T)xR2 te(0,T) LJR2 (0,T)xR2

— 4
< v gl L oy,

The a priori bound can hold under a smallness condition [Jugl| 2y < Cv.

. Take v = 1. One may expect the higher derivate to have an a priori bound

/(O ., [9"uf# ded < Cluolix
T)x

However, this is unknown at this time. What we will show in Chapter [4]is a
weaker version of this for n > 1. n < 1 is, in general, difficult because of the

nonlinearity as we subtract the background mollified flow.

. When v — 0, the estimate degenerates as long as m > 0, i.e. n > % This is

also the threshold for energy conservation.

. If we consider a priori bound of derivatives on the boundary, then

W/ IV (PeLeu)lly | = € el (ee)"P (e )_1(86)_d+1VmIIV”UI|’£f ,

— €(n+1)p717d€npfmfdym anuHZZP ,
t,x

we find that m,p need to be

b=

m:np:n?’—flzii—p.
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That is, we may expect an a priori nonlinear bound
3. 3 n 13 9
S V"7 dz dt < Cl|uol|72(q)-
(0,T) x990

In Chapter [5| we show a weaker version of this estimate for n = 1. Due to
a limitation of bootstraping higher regularity for linear evolutionary Stokes

equation on the boundary, results for n > 1 are difficult to obtain.
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Chapter 3

Maximal Function

3.1 Introduction

This paper is dedicated to the study of the maximal functions adapted to the La-
grangian description of a flow. When studying the motion of a fluid, there are two
different but deeply connected descriptions to work with. The Eulerian formulation
records physical quantities such as velocity, temperature, and pressure at fixed posi-
tions, while the Lagrangian formulation builds the frame of reference following each
moving fluid parcel, and describes their motion and trajectories by a flow map. The
transport phenomenon is easier to describe in the Lagrangian formulation, while the
diffusion usually suits the Eulerian description better. Let us refer to the works of
Constantin ([Con01]), Kukavica and Vicol (JCKV16]) for the connection and dis-
tinction between these two descriptions in the context of Euler equations.

For both mathematical study and numerical simulation, sometimes it is nec-
essary to switch between two descriptions. For instance, in computational fluid
dynamics, vortex particle method treats the fluid as a collection of vortex particles,
moving along the trajectories generated by the velocity field, which is in turn re-

covered from vortex particles. It was early developed by Chorin on the study of the
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two-dimensional Navier—Stokes equations (|Cho73]). The validity and convergence
of this vortex method in three and two dimensions are confirmed by Beale and Majda
in [BM82a), BM82bh]. We refer interested readers to the books of Raviart ([Rav85]),
of Cottet and Koumoutsakos ([CK00]) and of Majda and Bertozzi ([MB02]) for de-
tailed bibliographies. Majda and Bertozzi also used the particle-trajectory method
to show existence and uniqueness results for Euler equations. Even recently, hybrid
numerical schemes are still a very active area ([KSLHI13|). To avoid singularities in
the computation, a mollification is applied to the velocity field. Therefore, particles
are in fact moving along approximated trajectories of this mollified flow defined in
Definition Mollification is also needed for this Lagrangian formulation when the
velocity field does not have enough regularity to define trajectories and flow maps,
for instance, weak solutions to Navier—Stokes equations or Euler equations.

Before introducing our new maximal function, let us recall the classical one.
For any real-valued or vector-valued function f € L%OC(RC[) with d > 1, recall the

classical maximal function M f is defined as

(Mf)(z) = sup ]é Wl = sup [ 1f(w)|dy. (3.1)

r>0 r>0 |Br| B, (z)

Here B,(z) is a d-dimensional ball with radius r and center z, and |B,| stands for
its d-dimensional Lebesgue measure £?. Throughout the article, we may use | - | to
represent the spatial Lebesgue measure £¢ or the spacetime Lebesgue measure £4+1
depending on the context. The strength of the maximal function is that it captures
the nonlocal information of a function, in the meantime keeps the homogeneity: it
commutes with rigid motion and scaling, as well as scalar multiplication. M is a
bounded operator on L? for 1 < p < oo, and it is also bounded from L' to L, the
weak L! space. However, if we include a time variable ¢ in an evolutionary problem,
for instance, a transport equation, Euclidean balls in the spacetime are no longer

the most natural objects to work with. Instead, we may consider using a spacetime
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cylinder, or “skewed cylinder” transported in the spacetime to be more rigorously
defined below. In this paper, we will study such cylinders and construct a maximal
function associated with them.

Consider a vector field u : (S,T) x R? — R satisfying
u € Lie(S, T; WP (RY))

for some 1 < p < oo, where d > 1 and —oco < § < T < oo are some finite
or infinite initial and terminal time fixed through out this article. Fix a spatial
function ¢ € C(By) satistying [¢dz = 1,9 > 0, where By C R? is a unit ball
of dimension d. Define the usual mollifier function . := e~%p(-/¢) € C°(B.). We
denote a universal constant by C'if it depends only on ¢ and d. Its value may change

from line to line. We define the spatially mollified velocity wu. : (S, T) x RY — R by

wlta) = [ult,) + @el(@) = [ ult.o =)o) do

By convolution, u. € Li (S, T;CY(R%)). Let us now give the definition for the

loc

mollified flow and the skewed cylinders.

Definition 3.1 (Mollified Flow, Skewed Cylinders). For some fixed ¢ > 0 and
(t,z) € (S,T) x R?, define the mollified flow X.(¢,x;-) to be the unique solution

to the following initial value problem

Xg(t,l’; s) = ug(s, Xc(t, z;8)) s€(S,T)

X (t,x;t) =x

where the dot means to take derivative in the last argument s. Moreover, if S +¢? <

t < T — €2, define the skewed parabolic [| cylinder with center (¢,z) and radius

IParabolic scaling—e? in time versus € in space—will not be indispensable in this paper. We
only employ it because of its applications to the Navier—Stokes equations, but all the results can
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Q-(t,x) = {(s,y) : [s —t| <& |y — Xc(t,2;8)| <e}.

Heuristically speaking, skewed cylinders defined in Definition [3.1] are objects
appearing in the Lagrangian formulation but written in Eulerian coordinates. In-
deed, they are following the mollified flow and capturing particles that are close to
the center trajectories. Similar to the difficulty of bridging these two formulations,
the difficulty of working with these cylinders comes from the lack of control on the
distortion. Without a uniform control on the velocity field, these skewed cylin-
ders following different flows may include nonuniform geometric properties. Despite
this technical challenge, the maximal function will provide us a tool for overcoming
this conceptual difficulty. Instead of taking the average in balls, now we construct
a new maximal function that takes the average in the skewed cylinders that are

“admissible”.

Definition 3.2 (Admissibility, Maximal Function). Given ¢ > 0, z € R%, t €
(S + €2, T — £2), we define a skewed cylinder Q.(¢, ) by Definition For n > 0,
we say Q:(t, ) is n-admissible if

52][ M(Vu(s))(y)dyds = M(Vu)dyds < n. (3.2)
Qe (t,z)

ellQ1] Jo.(t)

Here M is the spatial-only maximal function defined in (3.1]), and with a slight
abuse of notation, we also use |Q1| to represent the (d + 1)-dimensional space-
time Lebesgue measure £3+1 of a cylinder with radius 1. For any locally integrable

function f € LL ((S,T)xR%), for every (t,z) € (S, T) xR? we define a new maximal

loc

be generalized to other time-space scaling.
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function Mg by

Mo (f)(t,x) := sup {]é - |f(s,y)| dyds : Q(t,x) is n—admissible} .

e>0

Note that in the sup we actually need e2 < min{t—S, T—t} to define Q.(t, x),
and we will justify in Section that admissible choices of ¢ exist for almost every
(t,x), so that Mg is well-defined.

The main result of this paper is the following.

Theorem 3.3. Let n < ng for some small universal constant ng > 0. If u is
divergence-free, and M(Vu) € LP((S,T) x R?) for some 1 < p < oo EL then Mg

associated with n-admissible cylinders generated by u satisfies the following.

(1) Mg is of strong type (00,00), i.e. for f € L¥((S,T) x RY), it holds that
Mo fllLee((s,m)xry < 1l oo ((5,7)xR%)-

(2) Mg is of weak type (1,1), i.e. for f € LY((S,T) x R%), X > 0, the Lebesque

measure of the superlevel set satisfies

C1

£ ({(t2) € (,1) xR (Maf)(t2) > A}) < Sl sy cmey

(3) Mg is of strong type (q,q) for any 1 < q < oo, i.e. for f € LI((S,T) x R?), it
holds that

Mo fllpaqsryxray < Call fllpaq(s,ryxray-

Let us now explain why we are interested in these skewed cylinders and the

2In the case 1 < p < oo, since M is a bounded operator on Lp(Rd), this condition is equivalent
to Vu € LP((S,T) x RY).
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maximal function related to them. In many scaling-invariant partial differential
equations, it is a common technique to zoom in near a point and conduct a local
analysis in its neighborhood, and use this obtained local information to deduce
global results. This form of argument usually consists of two parts: one is a local
theorem, which handles the rescaled problem near a point, and the second is a local-
to-global step, which contributes to some global information. For instance, the 3D

Navier—Stokes equations
ou~+u-Vu+ VP = Au, divu =0 (3.3)
are scaling invariant. In particular, uy and P defined by
uy(t, ©) = Mu(N\%t, \x), Py(t,z) = N2 P(\%t, \x)

are also solutions to . In [CKN82], Caffarelli, Kohn and Nirenberg investigated
the partial regularity of suitable weak solutions to the Navier—Stokes equations by
zooming into a so-called parabolic cylinder, where parabolic refers to the fact that
the spatial scale is A while the temporal scale is A2. They showed that if a suitable

solution u satisfies

_ 72
r—0 87“

1 tJr%’r‘2
lim sup 7'/ / Vu(s,y)|? dyds < n
t r(x)

for some fixed small 7, then u is regular at (¢, x). From this local theorem, they used
a covering argument to conclude a global result, that the parabolic measure 2! of

the singular set is zero. This was an improvement from Scheffer’s result ([Sch80])

which stated the singular set has at most Hausdorff dimension % The reason for

this improvement is that f f |Vu|? dz dt has a stronger scaling than other quantities,

which is [[ |[Vuy[?dzdt = 1 [[ [Vul>dz dt.
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Quantitative global results can also follow from this kind of scaling argu-
ments. Choi and Vasseur ([Vasl0, [CV14]) estimated higher derivatives, by locally
controlling higher derivatives using the De Giorgi technique applied to quantities
with the same strong scaling as [ [Vu|?. In particular, one must avoid using [J |u] 7,
which has a weaker scaling. However, without controlling the flux, the parabolic
regularization cannot overcome the nonlinearity. A natural idea would be to utilize
the Galilean invariance of Navier—Stokes equations and work in a neighborhood fol-
lowing the flow. Instead of working on parabolic cylinders, they worked on skewed
parabolic cylinders as we defined above.

The advantage of using such skewed cylinders is that, by taking out the mean
velocity, one can use velocity gradient to control the velocity in the local study. The
maximal function associated with these skewed cylinders then will help us better
bridge the local study to global results.

Let us mention that a similar construction also appears in the recent devel-
opment of convex integration for Euler equations by Isett ([Isel7l Iselg]) and the
subsequent work of Isett and Oh ([IO16]), where the authors call the mollified flow
coarse scale flow and skewed cylinders u.-adapted Eulerian cylinders. The difference
from the previous definition is that their apertures of mollification, radii of cylinder
bases, and lengths of time spans are chosen differently from here. The purpose is
however the same, which is to kill the mean velocity, and to obtain estimates that
are dimensionally correct.

Note that Theorem has already been used in [VY21b, Corollary 1] to

show the following result.

Theorem 3.4. Let u be a suitable weak solution to the 3D Navier—Stokes equations

(3-3) with initial data uli—o = ug € L*(R3). For any q > %, K CC (0,T)xR3, there
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exists a constant Cy ¢ depending on q and K such that the following holds,

3
190, ) < Case (1l sy +1)-

This is an improvement of [Con90] where the result was shown for L9 with
q< %, and of [Lio96] where it was shown for L5,

In this paper, we provide a first application of Theorem to give an alter-
native proof for the results of Choi and Vasseur in [CV14], as an example of using

the maximal function to obtain global results from local estimates.

Theorem 3.5. Let (u, P) be a smooth solution to (3.3) in (0,T") with initial data

up € L2, let d > 1, a € [0,2), denote f = |(—=A)2V%|, p= ﬁ. We have

P < Cllunll?
Lroo((0,T)xR3) — luollza (gs).

Hfl{fp>od,at—2}

This paper is organized as follows. Bounds on the maximal function rely on
a Vitali-type covering lemma, which is introduced in Section [3.2] where we define
admissible cylinders and prove the covering lemma for them. We use this covering

lemma to show some properties of the maximal function in Section

3.2 Covering Lemma

In this section, we derive some basic properties of the mollified flows and admissible

cylinders, then use them to prove the covering lemma.

3.2.1 Preliminaries

We first note the following easy pointwise estimate on the mollified velocity gradient.

Lemma 3.6 (Pointwise Estimate on Vu.). For (t,z) € (S,T) x R%, y € R?, and
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e,r >0, we have

Vue(t,2)| < Ce™ | Vau(t) | 11 (5. @), (3.4)

d
_ y—x
Vet < 0= (B 2) M) s (35)

Ve (t, z)| < Ce™ <|y—x|+r+5
T

d
)\M(W(t))HLl(Br(y)). (3.6)

Proof. The first estimate follows easily from the scaling that

Vue(t,w) = | Vult,z = y)ee(y) dy < [Vu) s @ lleellie-

This indicates that by controlling the average of Vu in a small ball B.(x), we can
control the size of mollified gradient at the center . To control the mollified gradient
from elsewhere, we need a maximal function to gather nonlocal information. For any
' € B.(z), vy € Br(y), we have |y —2/| < |[y—z|+r+e =: Kr, so B:(x) C Bg,(y)
and the integral of Vu can be bounded by

/ |Vu(t, z)|dz < / |Vu(t,z)|dz = ‘BKT(y/)l |Vu(t, z)| dz
Bs(m) BK’V'(y/) BKr(y/)

< KB, | M(Vu(t))(¥).

Since the above holds for any 3’ € B,(y), by taking the average of right-hand side
in B,(y) we have

IVt (s < KBy ” )M(Vu(t))(y') dy’
r\Y

= KYM(Vu(t)l| 21 (5, (3.7)

This bound and estimate (3.4 yield the third estimate, and the second estimate is

a special case of the third when r = ¢. ]
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As can be seen here, M(Vu) controls how mollified velocities alter in space.
This observation motivates us to introduce the notion of admissibility in Definition
Let us provide a heuristic explanation for the choice of homogeneity in (3.2)).
Consider two skewed cylinders, both with radius of order ¢, starting at the same
time with distance also of order e. If Vu is of order e 21, then their velocities
roughly differ by 7', so in a time span of length €2, they at most diverge en
further away, so their distance will remain of order . This ensures cylinders do not

deviate relatively too far away, and will be crucial in the covering lemma.

Remark 3.7. For 1 < p < oo, (3.2)) is weaker than the LP analogue

P
£ (7[ M(|Vu|p)dyds> <.
Qe (t,)

This is because Jensen’s inequality implies that

P
<][ M(Vu)dy ds) < ][ [M(Vu)]P dy ds
QE(tJ;) QS (tvaj)

and

[M(Vu)]P(z) = sup (é - |Vul dy> < sup]{g " |VulP dy = [M(|VulP)](x).

r>0 r>0

Next, let us discuss the trajectories of the mollified flow that pass through

an admissible cylinder.

Lemma 3.8. There exists a universal constant n1 > 0 such that the following is
true. Given ¢ > 0, tg € (S 4+ €%, T — €2) and zo € R?, suppose Q. (to,xo) is 1-
admissible as defined in Definition with n < m. For any (t.,z.) € Qc(to,x0),
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we have
| Xe(ts, za; t) — Xe(to, xost)| < 2¢ (3.8)

at any given time t € (tg — &2, tg + €2).

Proof. To ease the notation, we denote
X*(t) i= Xe(te, mt),  XO(t) := Xo(to,zo;t), AX(t):=X*(t) — X°(1),

thus we need to show |AX(t)] < 2e. We argue by contradiction and suppose
|AX (s4)| > 2 at some s, € (S, T%). Without loss of generality, suppose s, > t..
Note that

IAX(L)] = | X*(t) — XO(t)] = |2e — Xe(to, w03 ts)| < € < 2¢

because (tx, xx) € Qc(to, xg). Since AX is absolute continuous, there must exist an

T« € (4, 8+) such that
|AX(t)| < 2¢ for any t € [ts, 4], |AX (ry)| = 2e. (3.9)

For almost every t € [t,, 7], the growth rate of the difference AX can be bounded
by

18X 001 < [ 5ax6) = [10 - 2°0)

= Juc(t, X*(t)) — ua(t, X°(8))]

< [Vue(t, &)[[AX (2]
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for some & between X*(t) and X°(¢). We can bound the gradient term by

_ x0© d
Ve (t, &) < Ce™? <w + 2) [IM(Vult)ll L1 (.(x0 1))

[AX ()]

d
< e (6 + 2) IM(Vu)l L1 (. xow))

using (3.5) for x = & and y = X°(t). By (3.9), |AX(t)| < 2¢ for any t € [t., 7],

so in the above coefficient C’(M +2)? < C(2+2)¢ = C, thus for almost every

)

t € [ts,r«] we have

d C

3 [AX O] = G IMVu)ll s x| AX @]
By Gronwall’s inequality, we reach a conclusion that

T C
2x0)] = axl e ([ GIMEUO .o )

t0+52 C
< cexp /t 2 E—dHM(Vu(t))HL1<BE<XO<t>>>dt

0—¢&

C
= gexp <EdHM(VU)HLl(Qe(to,xo))>

<ceexp(Cn)

which contradicts (3.9) when choosing n < n; = % log 2. O

To conclude this subsection, we discuss two streamlines with different ¢ that

start from the same location. Before that, we introduce some notations. Let a be
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an index. Given g, > 0, t* € (S + .2, T — £42), 2@ € R?, we abbreviate

XO(t) = X (1%, 2%:1), B(t) := B., (X°(t)) c RY,
SY = 1% — g2, T = t® + .2, (3.10)

QY = Q. (t%,x%) = {(t,x) : S* <t <T* x € Bt)}.

For A > 0, we denote the spatial dilation of a cylinder Q¢ by
AQY :=A{(t,z) : S* <t < T x € AB*(t) = By, (X*(t))}. (3.11)

Notice that different from upright cylinders or cubes, for 1 < €9, it is not known that
Qz, (t,7) C Qc,(t, ), because their center streamlines X, , solve different equations.
As we will see later, this lack of monotonicity only poses a minor technical difficulty.
For the same reason, note that AQ.(t,z) # @Qx:(t,x), and neither is necessarily

contained in the other.

Lemma 3.9. Recall that n1 is a universal constant defined in Lemma 3.8 There
exists a universal constant ng < n1 such that the following is true. Given e, >
%sg >0,t*€(S+e2,T—ei?), tPe(S+ eg?, T —e5°) and %, 2P € R?, suppose
Q" = Q. (t*,z%), Q° = Qe4 (t?,2%) are n-admissible as defined in Deﬁnition
with n < no. For any (t., ) € Q* N QP we have

| Xy (te, Tast) — Xey (B, 745 1)| < €0 (3.12)

at any given time t € (S, T%) N (SP,T5).

Proof. Denote

XMt) = Xe, (b, wast),  XP(t) = Xoy(te,mait),  AX(t) = X'(t) — X2(¢),
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thus we need to show |AX (t)| < e,. Note that
AX (L) = X2(t) — X1 (t) = Xey (b, 2ai ts) — Xey (b, Tas b)) = 24 — 24 = 0.

Similar as in the last lemma, we argue by contradiction and suppose there exists

s € (tx, min{T, T?}), such that
|AX(t)] < eq for any t € [t 7], IAX (ry)| = €aq. (3.13)

For almost every t € [t.,7«], the time derivative of AX is calculated as

%AX(t) — X2t - XL(1)

= Ueg (t7X2(t)) — Ueg, (Sa X1<t))

= Ueg (t7X2(t)) — Ug, (37 X2<t)) + Ug, (SvXQ(t)) — Ueqy (87X1(t))

_ / ” iug(t, X2(1)) de + ue, (t, X2(8) — ue, (1, X2(8). (3.14)

We will use QP to control the first integral term and use Q® to control the rest.

Note that
0 0
—u(t,x) = — u(t,x —ey)p(y)dy = Veu(t,z — ey) - —yp(y) dy,
65 86 Rd Rd
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thus we can control its absolute value by

gus(t, x)

et )| < VOl o)

= Ce | Vut) ||l 11 (5. (a))

et [l XPO +est e
< .

d
) IMVu) 1B, (xp )

ey (}x—Xﬁ(tzy tegte

d
) IM(Vu)ll 1oy (3:15)

Here we use (3.7) with r = €3 and y = X8 (t) in the last inequality to control
[Vu(t)| L1 (B.(z))- Thanks to Lemma |X2(t) — XP(t)| < 2e5. Since € is between

eg and g4 > %55, we have

| X2(t) — XP(t)|+es+e _3epte
€ B €

<T.

Hence if we set = X2(t) in (3.15)), we would get

2,
e ©

<t,X2<t>>] < Cos | M(Vult) |1 0.
thus we can bounded the 0. term in (3.14) by

< Cleg — eales ™ IM(Vult) |l 1 (ps )

6[—3 8 9
/Ea S (t, X (1)) de

< Ceagg™ IM(Vu(®)ll L1 (550)-
The remaining terms in (3.14) can be bounded similar as in Lemma as
e (£, X2(1)) = e, (8, X1 (1))] < [Vue, (£, &) AX (1))

< Cea ™| M(Vu®)) |l 11 (e |AX (B)].
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Combining these two bounds in (3.14)), for almost every ¢ € [t., 7], the growth rate
of AX is bounded by

d _ _
SIAX@] < C (257 MVu) o) + o IMTuO)115egey)

X (eq + |AX(1)]).
By Gronwall’s inequality, we would reach

o + [AX(r:)| < (ea + [AX (L)) exp (C/t ep U IM(Vu®) L1 (Bsy

+&fﬂﬂﬂvwﬂprumdQ

< eqexp(2Cn) (3.16)
which contradicts (3.13]) when choosing n < 179 = min{n;, % log 2}. O

3.2.2 Covering Lemma for Admissible Cylinders

The goal of this section is to prove a Vitali-type covering lemma for n-admissible
cylinders, provided n < 1. The key ingredient is Proposition [3.10] which shows that
if two cylinders intersect, then during their shared life span, they are uniformly close
to each other. Based on this proposition, we conclude in Lemma that for an
n-admissible cylinder Q¢, the union of all n-admissible cylinders with comparable or
less radius that intersect Q“ has a comparable total measure as Q. The covering
lemma will be a consequence of Lemma, [3.11

Throughout this subsection, we employ the notations introduced in ((3.10]).

Proposition 3.10. For any pair of intersecting n-admissible cylinders Q%, Q" as
in (3.10) with eg < 2e4 and n < no chosen in Lemma at any t € (S, T) N
(SP,T8), we have BP(t) C 9B*(t).

That is, if Q intersects Q° with eg < 24, then QPN{S™ <t < T} C 9Q™.
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Recall that AQ® is the spatial dilation defined in (3.11). The proof is based on
Lemma [3.8] and Lemma [3.9 which control the trajectories at the level of Q.. See
Figure for our strategy.

(KS'() , T(\)

Figure 3.1: Q% and Q7 intersect

Proof. Let ny be chosen as in Lemma Fix some (t.,z+) € Q* N Q. For any
(t,2) € QP with S < t < T®, we apply the triangle inequality to estimate

|z — X(t)] < |z — XP(1)]
+ 1 XO(t) = Xey (b, 245 1)|
+ [ Xeg (s, a5 1) — Xe, (B, T3 1)
+ | Xeo (b, s ) — X (1)

<eg+2p5+eq+ 2.

Here the first term is because x € BA(t), the second and the fourth are due to

Lemma [3.8, and the third term is controlled by Lemma [3.9} Since g5 < 24, we
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have
|z — X(t)| < 9eq.

O]

We remark here that if we take a sharper estimate in each step of Lemma
and Lemma (and require a smaller 7)), the factor 9 can be easily improved to
546 for any § > 0. 5 is also the factor that appeared in the original Vitali covering
lemma for balls. Recall that in the proof of Vitali lemma, an important reason why
we get a comparable volume is because if two balls By, (z1) N By, (x2) # @ with
ro < 2r1, then B,,(z2) C 5By, (z1). Unfortunately, this geometric property cannot
be realized in our case, because an admissible cylinder with has no control on
the past and the future velocities. As a consequence, it is unlikely to cover Q? by
a dilation of Q¢ in space-time. However, this requirement can be relaxed as the

following. See Section 1.1 of [Ste93| for a more general setting.

Lemma 3.11. Given a fized Q% and a family of {Q"}scn as in such that
for each Q°, Q* N QP # o, eg < 2eq, and they are n-admissible for n < no.
Let Q% = UBeA QP denote the union of this family. Then there exists a universal
constant C such that

Q%] < ClQY.

Proof. Without loss of generality, we may assume that {Q”} 54 is a finite collection.
The general case can be proven using the finite case. Note that each QF is an
open set. For any compact subset K CC Q¢Y, K admits a finite open cover, thus
| K| < C|Q%| using the finite case. Since the inequality holds for any compact subset

K, it must also be true for Q%.
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For each Q7 we can break it into Q° = Qi U Qé U Qf , where

QI =Qn{t>1y},
Q% =Q°n{t <5,

QP =Q°n{s* <t <T°}.
From Proposition [3.10] we can conclude that

< 9%Q. (3.17)

Ujen @ c9Q° = ]U%A Qf

As mentioned in the remark, we cannot bound the size of | BeA Qﬁ or Uﬂe A Qﬁ
directly by Q%, as their center streamlines can diverge away from X* after T¢.
Fortunately, we do not need them to be close to X<, as long as we can show they
remain a small distance to each other.

Let us measure | J BeA Qi. First, we group the cylinders by their radii. Denote
Ai={BeA:27%, <ep<27e,}. (3.18)

Because each €5 < 2¢,, we have A = | J;cy As, hence we can write the union as

UBGA Qf‘ - UieN U5€A¢ Qf— (3.19)

Now we fix 7 and estimate the size of Uﬁe A Qi. Clearly we can disregard
the empty ones, and assume T < T# for each 8 € A;. To begin with, set QEO) =

{Qi}gem. Then we repeat the following two steps: at the j-th iteration (j > 1),
Step 1. Select some 3; such that TBi = max {Tﬁ . Qi c ng—l)}.

Step 2. From ng_l) we remove any Qi such that BA(T%) N B (T%) # @, and
denote the rest by ng ),
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Q(n+1)

After finitely many iterations, will be empty, and we have a list of Qil, e

Qﬁ". We claim that

U,en QL c U (3.20)

=1

To see why this is true, take any Qﬁ € QZ(-O). It must have been removed from Ql(j -1

at some step j in the above process. This implies B?(T*) N B% (T®) # @, and
T8 < TPi. Also, we have eg < 2ep,;, which is actually true for any pair of cylinders
by our selection of A; according to . Therefore, by Proposition we have
BP(t) c 9BPi(t) at any t € (S8, TP)N(SP, TP ). Because SP, 8% < T* < TP < Th,
we have Qﬁ C QQ% and this proves the claim .

Note that by our construction, {B% (T“)};‘:1 are pairwise disjoint, and they
are all inside 9B“(T*) by the Proposition Therefore their total measure is

ST < ST 1B (1) - 2(ep,)?
=1 =1

n
<D 2 BT (27 en)?
j=1

— 9.4t 2

U._, BY @)

<2. 4—i+1€a2|9Ba(Toz)| — 41 9d|Qa|-

Combining with the claim (3.20]), we have

Usa @)= 1 02

n
<! 3 IQ <4 9¥Qe.
j=1
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Finally, take the summation over i, and (3.19)) yields
3 S —i a 16 N
U @] = 2 |U,,, @2 = a9l = - o)
i=0 P

The same proof also applies to | BeA Qé . Therefore, together with estimate (3.17)),

we have proven that

Q2= U, @) < U, @4+ U @2+ U, 0 @2
< QY+ - 9IQ% +91Q7 = 1@,

We are finally ready to show the Vitali-type covering lemma.

Proposition 3.12 (Covering Lemma). Let A be an index set and let
Q={Q"=Q, (2% :aec A}

be a collection of n-admissible cylinders, where n < ng defined in Lemma and
€q are uniformly bounded. Then there is a pairwise disjoint sub-collection P =

{Q*,Q%,...,Q%, ...} (finite or infinite) such that

(671 1 (6%
Z]‘Q j’ 2 aluaeAQ

)

where C' 1s a universal constant.

Proof. With the help of the previous lemma, the proof of the covering lemma is the
same as the classical one in [Ste70]. We select the sub-collection P by the following
procedure. To begin with, set Q¥ = Q. Then repeat the following two steps: at
the j-th iteration (j > 1),
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Step 1. Select some «; such that e,; > %suanEQ@q){aa}.

Step 2. From QU 1) we remove any Q® that intersects with Q% , and denote the

rest by Q(j).

ntl) — g or it can continue

This procedure may stop after a certain step if Q(
indefinitely. We denote the chosen ones by P := {Q*,...,Q%,...} (finite or
infinite). They are pairwise disjoint due to our strategy.

Suppose that Zj |Q%| < 0o, otherwise the conclusion is automatically true.
Thus either P is a finite collection, or P is infinite and €,; — 0 as j — oo. In either
case, each Q% must be removed from QU) at some iteration. Otherwise, we would
have Q* € QU1 for all j, then Step 1 would imply that 4, > %504 for all j, thus

the sequence €,; cannot converges to zero. Now suppose Q“ € Qu-1) \ Q) then

we have Q* N QY # &, and €4 < 2¢4,. This implies

Q" C QY = U {QO‘E Qieq < 26,,Q°NQY 75@}_

acA

Thus (J,eq Q% C U’;Zl Q4. and finally we control the measure of the union by

U@l =l e

<> RFI<C QM|
j=1 =1

thanks to Lemma [B.11] 0

3.3 Construction of the Maximal Function

In this section, we use the covering lemma to generalize some results from the
classical harmonic analysis to our situation. First, we confirm the existence of
n-admissible cylinders centering almost everywhere under some assumptions on wu.

Then we prove the main theorem for the maximal function on these skewed cylinders
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and show related results similar to the classical case.

3.3.1 Existence of Admissible Cylinders

To begin with, we need some assumptions to guarantee the existence of n-admissible
cylinders centering almost everywhere, which are the following. For the entire Sec-

tion [3.3] we assume

Assumption 3.13. For some 1 < p < o0,

(1) M(Vu) € LP((S,T) x R?).

(2) divu =0.

Proposition 3.14. Let n > 0. For almost every (t,z) € (S,T) x R%, Q.(t,x) is
n-admissible for sufficiently small € (depending on (t,x)). Moreover, we have

lim diam(Q. (¢, z)) = 0,
e—0

where diam refers to the (d + 1)-dimensional diameter.

Before showing the proof of Proposition we first give a general lemma on
the L' boundedness of the map f + f. defined below. Given f € L. ((S,T) x R%),

loc
for x € R%, t € (S,T), € > 0, we define

o f(sy)dyds te S+e2 T —¢&?
ity = | Joa 79 | ) : (3.21)
0 te (S, S+euUlT —e%T)

Then we have the following bound on f..

Lemma 3.15 (L! Boundedness). Given f € L*((S,T) x R%), we have

[ fellres,myxray < NIl sm)xmay-
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Proof. A direct computation gives

T—¢2

| [ ntaldsa

S+e2 JRY
T—e2

= / / / f(s,y)dyds
S+e2 JR4 Qe (t,z)

1 T T—¢2
< 1
< |Q€|/S /Rd oo /Rd‘f(s’y)’ {(s,9)€Q- (t,2)} dz dt dy ds
1 T _
a1 L el e (et ) dyas (322)
IS

dx dt

1
| Qe

where we define for any fixed (s,y) € (S,T) x R? the dual Lagrangian cylinder
by (see [IO16] for a detailed discussion of these cylinders)

Qels,y) = {(t) € (S + 4T =) x R : (5,9) € Qu(t,0) }.

Then from the definition of Q. (¢, x), we can see that

Q-(s,y) C{(t,2) : [t — 5| < &%, |Xc(t,258) —y| < e}
={(t,z):|t—s| < e2 2 = X.(t,x;8) € B.(y)}

={(t,2): |t —s| <& 2’ € B.(y),z = Xc(s,2;1)}.

Because u. is also divergence free, measure of a set is invariant under the flow, so

we have

£ ({Xo(s.2%50) 12! € Bo)}) = LYBL()).
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Thus the measure of the dual cylinder is

LTYQ:(s,9) < LY ({(t,2) 1 |t — s| < €®,2) € Be(y),x = Xo(s,25t)})
min(T,s+¢2)
= / L4 ({Xe(s,x';t) 2l e Be(y)}) dt
max(S,s—e2)

< 252|B£| = ‘Qa|

Plugging into (3.22)), we conclude that

T—e2 T N
/ folt, o) dzdt < / / (5, 9)|LT Qe (5,)) dy ds
R4 S R4

S+e2 |Q8|

g/:/Rd\f(t,xﬂdxdt.

O]

Proof of Proposition[3.14 If p = oo in the Assumption the conclusions follow
naturally from the Definition and as now both the velocity field and its
gradient are locally bounded. We shall only focus on the case p < oo from now.

Without loss of generality, assume 1 < ng. For S <t < T, z € R%, define
F(t,z) :== [M(Vu(t))(z)]P € LY((S,T) x RY).

F.(t,x) is defined same as in (3.21]). Lemma shows that ||F¢| 1 < ||F||p:. We

want to show that for sufficiently small ¢,
Fe(t,x) < nPe™?P.

By Remark this implies that Q.(t,z) is n-admissible. Define the set of non-
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admissible points by
0, — {(t,x) € (S+e2T—e)xRE: Fu(t,z) > 77”6_27’} :

By Chebyshev’s inequality, its measure is bounded by

[ Fell 1

F
Iy 1Pl o g

Q] < {F: > 77p€_2p}! < = qp

as € — 0. Therefore, | N.>o Q| = 0, that is, the set of points at which no 7-
admissible cylinder centers has measure zero. In other words, for almost every point
(t,x), there exists ¢ > 0 such that Q.(¢,z) is n-admissible.

This is not enough to show the conclusion, because (2. may not be monotone

in e. To see that Q.(¢,x) is n-admissible for all sufficiently small £, let us define
o = {(t, z) € (S+e2,T—e?) xR : Fi(t,2) > np(zd“g)—?p} .
Similar as before, Chebyshev’s inequality implies

F
) < 1 geercyer

In particular, for each ¢ > 1, we have a geometric decaying upper bound as

\FHLl

‘Q, Z| < ’ (2d+12—i)2p

It is a summable geometric series in 4, thus by Borel-Cantelli lemma, we have

‘m1>0 Uz>[ 271 T

That is, for almost every (t,z) € (S,T) x R?, there exists I > 0 such that for all

|hmsupz_>Oo 9—i
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i>1, (t,r) ¢ Q_,, ie., for g = 27% we have

() = f F(s,y) dyds < P (2% 1e,) 2.
Qsi(t )

By Remark Jensen’s inequality implies

3 =

5?][ M(Vu)dyds < &} ][ M(Vu)Pdyds | < %.
Q- (1) Q- (1) 4

That is, Q., (¢, z) is (479 1n)-admissible.
We claim that if Q. (to, o) is (4~¢1n)-admissible, then for every 5 within

g <ep < 55, Qey(to, o) C %Qea (to, o). This can be proven by the claim
| X<, (to, zo3t) — Xz, (to, xo3 )| < %“, for all t € (to —ep®,to +e5?)  (3.23)

whose proof is a slight modification of Lemma Define Q“ = Q. (to, o) and
QPf = Qes(to, z0). If we proceed the proof of Lemma without knowing Q7 is
n-admissible, the only difficulty will arise at the last step , when we want to
bound the integral of 55_d||/\/l(Vu(t))HLl(Bg(t)) in the Gronwall’s inequality. How-
ever, as long as holds at time ¢, B?(t) is contained in B*(t), thus

s IM(Vu(t) | prpo @y < 4% HIM(Vu(t) | 1 (s
while the integral of the latter is bounded by 4%n. Following the same continuity

argument we conclude (3.23)) in the end.

By this claim, for every ¢ between % and %, we have

3 3\?
Q:(t,x) C ZQgi(t,x) C <4> Qe ,(t,z) C -+
which implies diam(Q.(t,z)) — 0 as ¢ — 0. Although we do not have monotonicity
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for Q. (t,x) in €, we have this “monotonicity with gaps”. Moreover, since Q. (t,x) C

Qe (t,x), e > 5, we can bound F; by

deds < @ de ds < 4d+1np(2d+15i)72p

F.(t,z) =
=(,7) Qcl Ja., (t.2)

Qe ot

< npgi—Zp < npPe .

Thus (t,xz) ¢ Q. for every € € [%,%’] and for every ¢ > I, that is, for every

e < 27171 This means Q.(t, ) is admissible for all ¢ sufficiently small. O]

Following this existence proposition, we furthermore have the following corol-

lary on the L' convergence.

Corollary 3.16 (L' Convergence). Let f € L'((S,T)xR%), and define f. by (3.21)),
then
fo— fin LY(S,T) x RY) as e — 0.

Proof. For any § > 0, we can find g € C°((S,T) x R?) such that || f — g|[z: < g.
Denote h = f — g, then ||h||;1 < %, and by Lemma also [|he||1 < % (we define
he in the same way as ) Since ¢ is uniformly continuous, it is clear that as
diam(Q:(t,z)) — 0,

J
lo - gcls < [ F o attia) = gls.)l dydsdade <
(S+e2,T—e2)xR4 J Qc(t,x)
for sufficiently small e such that g(¢,-) = 0in (S, S + &%) U (T — %, T). Thus

1f = feller = llg + P = 9= = hellr < llg = gellor + [AllLr + [|hellpr <6

provided ¢ is small enough. O
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3.3.2 Maximal Function

The Existence Proposition [3.14] ensures the maximal function is well-defined almost
everywhere. With the help of covering lemma, we can prove the bounds for the
maximal function. A lot of ideas are borrowed from [Ste70]. We do not claim
any originality for results in this section, but only put them here for the sake of

completeness.

Proof of Theorem[3.3 By the Existence Proposition for almost every (t,z) €
(S,T) x RY, the set {e¢ > 0: Q.(t,x) is n admissible} is nonempty, so the maximal

function Mg(f) is well-defined almost everywhere.

(1) This is evident from the definition, since for any (¢, x) it holds that
F o Ufwldyds <[l
Qe (t,z)

(2) For any A > 0, let E\ = {(t,x) : (Mqgf)(t,x) > A} be the superlevel set. Then
by definition, there is an n-admissible Q). centered at each point (t,x) € E),
such that

1
Q-] < A/ |f(s,y)|dyds.
Qa(t:x)

Their radii are thus uniformly bounded. Thanks to the Covering Lemma Propo-
sition we can choose a pairwise disjoint subcollection {Q., (#/,27)}, such
that

1
Ej: @2 & ‘U(t,x)EEA Q:(t,)
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Therefore the measure of the superlever set can be bounded by

yf|dxdt§§/ |f| dz dt.
) (S,T)xRd

C
EYEHEES ok
j J QE

’ (t7,23

(3) For the type (¢, q) part, we use Marcinkiewicz interpolation. Note that Mg is
subadditive: Mo(f + ¢g) < Mo(f) + Mqg(g). We can split f = fi + fo where
fi= fX|f|<A and fo = fx|f‘>i. First, the strong type (00, 00) estimate applied

2 2

to fi yields

A
[Mo(fi)llLe < 5

Thus we have

Malf) < Malfi) + Mo(f2) < 5 + Malf2).

So Mg(f) > A implies Mg(f2) > 3. Next, the weak type (1,1) estimate

applied to fo yields

uen) < ({Mal > 3 1) = Kl

By the layer cake representation, we have that

[ Molnprdids =g [ (Bt ay
(S,T)xR4 0
< QCq/OOl/ yf|x|f‘>AAq—1dxdtdA
0o A (S,T) xR 2

2/
zch/ |f|/ N2 d\dz dt
(S,T)xRd 0

2Cq 2171
R /(ST)de |f17dadt = Cyll flITa-
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This finishes the proof of the theorem.

O]

This theorem, together with the L! convergence will imply the almost every-

where convergence of f..

Corollary 3.17 (a.e. Convergence). Given f € Li ((S,T) x RY), for almost every

(t,z) € (S,T) x R, we have f-(t,x) — f(t,x) as e — 0, where f. is defined in
(13.21)).

Proof. According to the Proposition[3.14] diam(Q.(¢, z)) — 0 for almost every (¢, z),
so we can assume f is compactly supported and thus integrable without loss of
generality. By Corollary L' convergence, we can find a subsequence which
converges to f almost everywhere, hence it suffices to show the following oscillation
function is zero almost everywhere: for f € L ((S,T) x R%), define the oscillation

function by

Qf(t,z) = limsup f-(t,x2) — lim iglf fe(t, x).
e—

e—0

For a uniformly continuous function g, we have 2g = 0 almost everywhere, again
using the fact that diam(Q.(t,xz)) — 0 by Proposition Moreover, notice that
as € = 0, Q-(t,z) is n-admissible, so we have

limsup fe(¢t, z) < limsup |f-(¢,z)| < Mo(f)(t, x),

e—0 e—0
—liminf f.(¢t,z) < limsup |f-(¢, z)| < Mo(f)(t, z),
e—=0 e—0
so Qf < 2Mo(f) almost everywhere. Now we fix A > 0. For any given § > 0, we
split f = g+ h with g € C°((S,T) x R?) and ||h||;1 < 6, we have
Qf <Qh+ Qg =Qh <2Mqg(h).
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By Theorem [3.3, weak type (1, 1) estimate gives

A 2C

u(ter >3) < ({Mat > 51) < it = 2o

Set § — 0 we obtain

u({Qf > A}) =0.

This is true for any A > 0, therefore we actually have

u({€2f > 0}) = 0.

This means, for almost every (t,z) € (S,T) x R, the oscillation is zero and

limsup fo(t,z) = liminf f.(¢t,2) = lim f.(¢t,z) = f(t, x).
e—0 e—0

e—0

Using the definition of Mg, it is easy to deduce the following.

Corollary 3.18. For f € LL _((S,T) x R?), f < Mg(f) almost everywhere.

loc

To conclude this section, we present a slightly stronger result than the almost

everywhere convergence.
Theorem 3.19 (Q-Lebesgue Differentiation Theorem). Under the same assumption

of Corollary for almost every (t,z) € (S,T) x RY, we have

lim |f(s,y) — f(t,z)|dyds = 0. (3.24)
e—0 Q- (t,x)

If (3.24)) is true for (¢,z), we call it a Q-Lebesgue point of f, and define
O-Lebesgue set of f to be the set of all Q-Lebesgue points of f.
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Proof. Consider any rational number ¢ € Q. Then f —q € Llloc, thus by Corollary

[3.17, we have
f — dle(t,2) :f e dyds I @), aease o
e(t,x

By taking a countable intersection over g € Q of all the sets where the convergence

|f —qle = |f — q| happens, we have

lf —qle(t,x) — | f — q|(t, 2), a.e. as € — 0 for all ¢ € Q.
By the density of rational numbers, it holds that

|f —rle(t,x) = | f —r|(t, z), a.e. ase — 0 for all » € R.
In particular, letting r = f(¢,x) gives

|f = f(t,2)|-(t,x) = | f(t,x) — f(t,z)| =0, a.e. as ¢ — 0.

This is equivalent to (3.24]). O

o4



Chapter 4

Higher Regularity

4.1 Introduction

We study the three dimensional incompressible Navier—Stokes equations,
Oiu+u-Vu+ VP = Au, divu = 0. (4.1)

Here u : (0,T) x R® — R3 and P : (0,7) x R® — R represent the velocity field and
the pressure field of a fluid in R3, within a finite or infinite timespan of length 7.

Initial condition
u(0,-) = ug € L*(R?)

is given by a divergence-free velocity profile ug of finite energy.

Leray [Ler34] and Hopf [Hop51] proved the existence of weak solutions for
all time. They constructed solutions u € Cy (0, 00; L2(R3)) N L2(0, co; H(R?)) cor-
responding to each aforementioned initial value, and satisfying in the sense of

distribution. A weak solution is called a Leray—Hopf solution if it satisfies energy
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inequality

1 1
5”“(75)”%2(]&3) + ||V“”%2((o,t)xR3) = 5”“0H%2(R3)

for every t > 0. Since then, much work has been developed in regard to the unique-
ness and regularity of weak solutions. Nonuniqueness of weak solutions was proven
very recently by Buckmaster and Vicol using convex integration scheme [BV19].
However, the question of the uniqueness of Leray—Hopf solutions still remains open.
The uniqueness is related with the regularity of solutions by the Ladyzenskaya—
Prodi—Serrin criteria [KL57, [Pro59, [Ser62) Ser63, EJR72): if the velocity belongs to
any space interpolating L?LS° and L{°L3 then it is actually smooth, hence unique.
The endpoint case L{°L3 came much later by Eskauriaza, Serégin and Shverak
[ESSOSJ. These spaces require % higher spatial integrability than the energy space
provides, which is & = L°L2 N L7H].

At the level of energy space, Scheffer began to study the partial regularity
for a class of Leray—Hopf solutions, called suitable weak solutions [Sch76l [Sch77,
Sch78l [Sch80]. These solutions exist globally and satisfy the following local energy
inequality,

Gtu; + div (u <]u2\2 + P>> + |Vul? < A‘u;.
Scheffer showed the singular set, at which the solution is unbounded nearby, has
time-space Hausdorff dimension at most g This result was later improved by Caf-
farelli, Kohn and Nirenberg in [CKN&2] (see also [Lin98| [Vas07]), where they showed
the 1-dimensional Hausdorff measure of the singular set is zero. We will investi-
gate the regularity of suitable weak solutions. In the periodic setting, Constantin
constructed suitable weak solutions whose second derivatives have space-time inte-

grability L5~ for any € > 0, provided the initial vorticities are bounded measures
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[Con90]. This was improved by Lions to a slightly better space L%’O", a Lorentz
space which corresponds to weak L3 space [Lio96]. These estimates are extended to
higher derivatives of smooth solutions by one of the authors and Choi using blow-up

arguments: Lfo’io space-time boundedness for (—A)%V”u, where p = n>1,

_ 4
nta+1’
0 < a < 2 [Vasl0, [CV14]. They also constructed suitable weak solutions satisfying
these bounds for n + a < 3.

The aim of this paper is to improve these regularity results in Lorentz space.

The main result is the following. Note that the estimate does not rely on the size

of the pressure.

Theorem 4.1. Suppose we have a smooth solution u to the Navier—Stokes equations
in (0,T) xR3 for some 0 < T < oo with smooth divergence free initial data ug € L>.
Then for any integer n > 0, for any real number q > 1, the vorticity w = curlu

satisfies

< Comlluol2 (4.2)

H V|72l
L19((0,T) xR3)

4
{|Vrw|n+2 >Cnht—2}

for some constant C,, depending on n and C,,, depending only on q and n, uniform
in T. The above estimate ([&.2)) also holds for suitable weak solutions with only L?

divergence free initial data in the case n = 1.
This theorem gives the following improvement on the second derivatives.

Corollary 4.2. Let u be a suitable weak solution in (0,00) x R3 with initial data

4

ug € L?. Then for any q > 3, K cC (0,00) x R3, there exists a constant Cy

depending on q and K such that the following holds,

3
19200, ) < o ([l 1)

Let us explain the main ideas of the proof. Similar as previous work on higher

derivatives, the proof is also based on blow-up techniques. In particular, we blow
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up the equation along a trajectory, using the scaling symmetry and the Galilean
invariance of the Navier—Stokes equations. That is, if we fix an initial time ¢y and
move the frame of reference along some X (t), and zoom in into ¢ scale, then it is

easy to verify that @(s,y), P(s,y) defined by

> =u(t,z) — X(t) (4.3)

also satisfy the Navier—Stokes equation
dsti+ 1 - Vi + VP = Ad, diva = 0.

We develop the following local theorem for @ and P. Note that it needs nothing
from the pressure. Denote B, C R? to be a ball centered at the origin with radius

r, and Q, = (—r%,0) x B, C R* to be a space-time cylinder.

Theorem 4.3 (Local Theorem). There exists a universal constant 11 > 0, such
that for any suitable weak solution u to the Navier—Stokes equations in (—4,0) x R3

satisfying

/B w(t,2)o(z)ds =0 ae. £ € (—4,0), (4.4)

||VU||L$1L31 @) T ”WHL?L? (Q2) = (4.5)

where ¢ € C°(By) is a non-negatiwe function with [¢ = 1, w = curlu is the
vorticity, 3 <p1 <00, 1< pa < o0, 1< qu,q2 <3 satisfying
1 1 1 1

—+ — <1, — + < -
P11 P2 Q1 Q2 6

)
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then for any integer n > 0, we have

IV 'l Lo (@ n2) < Cn

for some constant C,, depending only on n.

Let us illustrate the ideas of how to go from this local theorem towards the
main result. We want to choose a “pivot quantity”, blow up near a point, and use
this quantity to control V"*w. When we patch the local results together, we will
obtain a nonlinear bound with the same scaling as the pivot quantity, so we want
the pivot quantity to have the best possible scaling. The ideal pivot quantities would
be [|Vu|?dzdt and [|V2P|dzdt. [ |5 dz dt has a worse scaling and should not
be used. However, we still need to control the flux in the local theorem, so we want
to take out the mean velocity and control u by Vu using Poincaré’s inequality.

In order to take out the mean velocity, we choose X () to be the trajectory
of the mollified flow so that can be realized. Notice that a cylinder @, in
the local (s,y) coordinate will be transformed into a “skewed cylinder” growing
along X (¢) in the global (¢,2) coordinate. One of the authors recently constructed
a maximal function Mg associated with these cylinders [Yan20], which serves as a
bridge between the local theorem and the global result, and is one of the main reasons
for the improvement in this paper. The idea is, if locally the vorticity gradient can
be controlled in L* by the integral of something in the skewed cylinder, and the
integral in a skewed cylinder can be controlled by the maximal function Mg, then
vorticity gradient is pointwise bounded by the maximal function.

If one uses [ |Vu|?*dzdt and [ |V2P|dzdt as the pivot quantity, then un-
fortunately the best possible outcome would just be an L** bound, as obtained in
[Yan2(]. The reason is, the maximal function is bounded on LP for p > 1, but for
p = 1 it is only bounded from L! to L1*°. Unfortunately |Vu|? and |V2P| are both

L' quantities, so Mg (|Vul? 4 |[V2P|) is only L"*°. We need two things to improve
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from L1°°: replace [ |Vu|*> by [ |VulP, and drop the pressure V2P.

Suppose we could use ([ |VulP dx dt)% as the pivot quantity for some p < 2,
then we can majorize it by Mg (|Vu|p)% € L', since % > 1 and Mg is bounded in
L%. However, this poses significant difficulties in the local theorem. The nonlinear
term w - Vu is quadratic, and if we only have a subquadratic integrability to begin
with, we cannot treat this quadratic transport term as a source term because it
is not integrable. Observe that what we lack is the temporal integrability rather
than the spatial one: if p is slightly smaller than two, then u - Vu is still L3 in
space, but L'~ in time. To overcome this difficulty, we write u - Vu as w x u up
to a gradient term, and put L?*Lg_ on u and Lf*L%_ on w. We compensate the
lower integrability term by pairing with a higher integrability term to make w X u
integrable. LfJ’L?[ of w can be interpolated between L?_sz and L°LL while the
latter is controlled by L?’r of Vu. Since LT L2~ is closer to L~ L2~ than to L{°LL,
the pivot quantity that we use is actually 67||Vul|7, + §||Vul3. for v close to 0.
By using more subquadratic integrability and a tiny bit of the quadratic one, we
can complete the task by interpolation. That is why we obtain L™ in the end: it
interpolates L' bound from ||Vul|/z» and LY* bound from ||Vul||;2. Unfortunately
we still miss the endpoint L.

The second task is more subtle and technical. Without any information
on the pressure, we don’t have any control on the nonlocal effect. However, the
role of the pressure is not important at the vorticity level: if we take the curl of
the Navier—Stokes equation, the pressure will disappear and we are left with the

vorticity equation involving only local quantities:
Ow +u-Vw —w-Vu=Aw. (4.6)

Inspired by Chamorro, Lemarié-Rieusset and Mayoufi [CLRMIS]|, we introduce a

new velocity variable v = — curl ! A= pw using only local information of vorticity
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(¢ and ©f are spatial cut-off functions), and this helps us to prove the local theorem.
This is another main reason for the improvement in this paper. Consequently, the
bounds we obtain in the end are on the vorticity w rather than on the velocity wu.
This paper is organized as follows. In the preliminary Section 2 we introduce
the analysis tools to the reader. We show how to rigorously derive the main results
from the local theorem in Section 3, and then deal with technicalities of the local
theorem in the later sections. The proof of the local theorem consists of three parts.
Section 4 introduces the new variables v, and shows the smallness of v in the energy
space. Then we use De Giorgi iteration argument in Section 5 to prove boundedness

of v. Finally, we inductively bound w and all its higher derivatives in Section 6.

4.2 Preliminary

In this section, we introduce a few tools that we are going to use in the paper,

including the maximal function, Lorentz space, and Helmholtz decomposition.

4.2.1 Maximal Function associated with Skewed Cylinders

This is recently developed for incompressible flows in [Yan20]. We quote useful
results here without proof.

Suppose u € LP(0, T; WhP(R?; R?)) is a vector field in R3. Fix ¢ € C(By)
to be a nonnegative function with [ ¢ = 1 through out the paper. For ¢ > 0 define
be(x) = e3¢(—x/¢c), and let u-(t,-) = u(t,-) * ¢ be the mollified velocity. For a

fixed (t,x) we let X (s) solve the following initial value problem,

X(s) = us(s, X (s)),

X(t) =x.
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The skewed parabolic cylinder Q. (¢, z) is then defined to be
Q:(t,x) == {(t + €25, X(t) +ey): —9<s<0,y € Bs}. (4.7)

We use M to denote the spatial Hardy-Littlewood maximal function, which is de-

fined by

r>0

M(f)(t,z) = sup ]{9 0y

Then we construct the space-time maximal function adapted to the flow.

Theorem 4.4 (Q-Maximal Function). There exists a universal constant ny such
that the following is true. We say Q-(t,x) is admissible if Q.(t,z) C (0,T) x R3

and

52][ M(|Vul) dz dt < np. (4.8)
QE(tvw)

Define the maximal function

Mo (f)(t,x) := sup {]2 ) |f(s,y)|dsdy : Qc(t, ) is admissible} :

e>0

If u is divergence free and M(|Vu|) € LY for some 1 < g < 0o, then Mg is bounded
from LY((0,T) x R3) to L*°((0,T) x R3) and from LP((0,T) x R3) to itself for any

p > 1 with norm depending on p.

An important consequence of the weak type (1,1) bound of the Hardy-
Littlewood maximal function is the Lebesgue differentiation theorem in R™. Simi-
larly, we can use the Q-maximal function to prove the Q-Lebesgue differentiation

theorem.

Theorem 4.5 (Q-Lebesgue Differentiation Theorem). Let f € Li ((0,7) x R3).

loc
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Then for almost every (t,x) € (0,T) x R3,

e—0 Q- (t,x)

In this case we say (t,z) is a Q-Lebesgue point of f.

4.2.2 Lorentz Space

Let (X, ) be a measure space. Recall that for a measurable function f, its decreasing

rearrangement is defined as
SO :==inf {a>0: pu({|f] > a}) <A}, A>0.
For 0 < p < 00, 0 < ¢ < 00, Lorentz space LP4(X) is defined as the set of functions

f for which

1

Lo Lo
1 lzmax) = 1IN Fllagany = IAF 75 £ (W) 2o < 0.

Now we introduce the interpolation lemma for Lorentz spaces.

Lemma 4.6 (Interpolation of Lorentz Spaces). Let v > 0 be a fized positive number.
Assume fo € LPo®  fi € LPYN where 0 < po,p1 < 00,0 < qo,q1 < oo, If fis a

measurable function satisfying

2f| <dfo+ 6" f1 for all 6 > 0, (4.9)
then f € LP9  where
1 v 1 1 1 1 v 1 1 1
- = — + —, - = —+ —.
p l+vpe 1+vp g l+vg l4+va

Proof. 1t is easy to check from the definition of decreasing rearrangement that if
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h < f+g, then hA*(2X) < (f + ¢)*(2A\) < f*(A) + ¢*(A). Thus (4.9)) implies
212N < 0f5(N) + 077 f1 (), for all A > 0,4 > 0.
Set § =L §= f(’)"()\)_aff()\)e, then

1+4+v?

20720 < 5NV FE )+ FE )N TN
=2f5 (N (N

Therefore,
i1 . i1
[fllzea = [[AP "4 f*(M)|le = Cl[A? "4 f7(2A)]| La
1-6_1-6 g Lo P
<O T ) A (0
LAl 16 P TON
<O TS O, IV Oy
L_L o, 1-0)y o — = px 0
= Cl[Aro w0 fg(Mlga A7 5 [T (M| Za:
= CHJco”lL;ég»qo Hle%mu
1
where C' = 27, ]

We would also like to mention that Riesz transform is bounded on Lorentz

space. The proof can be found in [CF(07]. See [Saw90] for general Lorentz spaces.

Lemma 4.7. For 1 < p < o0, 1 <q < 00, Rjj = 81-8]-A*1 is a bounded linear
operator from LP1(R™) to itself. As a spatial operator, it is also bounded in time-

space from LP4((0,T) x R™) to itself.
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4.2.3 Helmholtz decomposition

First recall two vector calculus identities:

V(u-v)=(u-V)v+ (v-V)u+uxcurlv+ v x curlu, (4.10)

curl(u x v) = udive —vdivu+ (v - V)u — (u- V). (4.11)

For operators A and B, denote [A, B] = AB — BA to be their commutator. Define
Py = —curlcurl A~ and Py = VA ldiv = Id — P.yy to be the Helmholtz

decomposition. Then we compute the following commutators.

[p,curl]u = =V x u, (4.12)

[0, Alu = =2V - Vu — (Ap)u = —2div(Vy @ u) + (Ap)u, (4.13)
o, A7 u = A" {2Vyp - VAT u+ (Ap)A~ u} (4.14)
[, Peurt]u = Vo x curl A7y + Vi div A7y — A7 uAgp (4.15)

+ (A7 - V)V — (V- V)A™

+Pcurl{2v90 VA~ ’LL—l— A(p U}

The first two are straightforward. The third uses

and the last one is because

[, Peunt] = [, — curl curl A7
— [, curl] curl A=Y — curlfy, curl] A~ — curl curl[p, A7,
[, Pewrt]u = Vo x curl A™ u + curl(Vp x A_lu)
—curleurl A7 {2V - VAT u + (Ap) AN},
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and we can expand curl(Vp x A=) by ([4.11]).

Lemma 4.8. 9;[¢, Peyn] and [p, Peun]0; are both bounded linear operator from LP

to LP for any 1 < p < 00, i.e.
[10:[p, Pewnt]ul| Lo + ||[0, Peunt] Osul[ e < Cp g ||ul| Lo

Proof. First, we observe that by Jacobi identity [¢, Peyn]0; and 0;[p, Peyy] differ by

[[Qpa HJ)curl]y a’t] = [807 [Pcurla az” - [Pcurla [Spy az]] =0- []Pcurla az ]

which is bounded from LP to LP for any p, because both P, and multiplication

by 0;¢ are bounded from LP to LP, so we can complete the proof by duality. For
1<p<3, set %:%—%, from (4.15)) we can see

1[0s Peurt] Osttl| o S IVAT 05wl 1o (r3) + Cpo AT 05| 1o (supp )
5 ||UHLP(R3) + CPWHaiA_luHLP*(suppcp)

< Cllull pp(r3)-

For%<p<oo, set 1—%:%:q%+%,then1<p,q,q* < 00. Take any u € LP(R?)

and any vector field v € LI(R3),

[ oo Pesalu-vde = = [l Pesalu- divd
= /U ' [90, IP>Cu1rl]aiv dx
< |’uHL1’(R3)(”U||Lq(R3) + HaiAilfl)”Lq(suppap))

< Jlull o) (10l Lagrs) + Capll AT 0] Lo (suppip)

< Cllull Lo sy 1v]] Lo (rs)-
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Corollary 4.9. 0;[¢,Py] and [p,Py|0; are both bounded linear operator from LP to

LP for any 1 < p < o0.
Proof. 1d = Py + Pcyy1 commutes with ¢, so [¢, Py| = —[p, Peun)- O

Because of the smoothing effect of the Laplace potential, we have the follow-

ing.

Lemma 4.10. Let ¢ € C°(R3) be supported away from some openset Q2 C R3, that
is, dist(supp ¢, Q) = d > 0. Then for any f € L (R3), k >0,

loc
||A_1(90f)||ck(ﬂ) Sk,d ||f||L1(supp<p)'

We also have
IPw (2 )llck @) IPeurt (@) en@) Ska 121 (supp o)-

4.3 Proof of the Main Results

In this section, we show that the Local Theorem [4.3]1leads to the main results. First,

we show the pivot quantity is indeed enough to bound V"w.

Lemma 4.11. There exists no > 0 such that the following holds. Let %1 <p <2

2—p <v < Tp—12

= 6 - If u is a suitable solution to the Navier—Stokes equations in
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(—9,0) x R? satisfying the following conditions,

/ u(t,z)p(z)dz =0, a.e. t € (—9,0), (4.16)
B
1 1
5 (/ yvu|dedt>p <, (4.17)
3
o |Vu|? dz dt < 1o, (4.18)
Q3

for some & < mo, then we have for any n > 0,
IV*wllLge (@g-n-2) < Cn-

Here C,, is the same constant in Theorem [{.3.

Proof. First, we claim that

5||WHLO<>(—4,0;L1(B2)) < Cna. (4.19)

Formally, we can take the dot product of both sides of the vorticity equation (4.1)

with w0 := ﬁ—', and recalling the convexity inequality w® - Aw < Alw|, we have
(O +u-V—A)w —w-Vu-u® <0. (4.20)

Let ¢ € C°((—9,0] x R3) be a cut-off function such that 1g, < ¥ < 1¢,. Multiply
(4.20]) by 1) and then integrate in space,

d 0

e Ylwlde < [ (O +u-V+ AW |lwde+ [ Yw-Vu-w’dz

<C 1+]u\2+\Vu]2dx§C<1+/ \Vu]deL‘> :
B3 B3

for some large universal constant C' > 1. The last step uses Poincaré’s inequality
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and (4.16). Integrate in time we obtain

n n
ol e (aamay < C (145 ) <207

This proves the claim. A more rigorous proof can be obtained by difference quotient

same as in Constantin [Con90] or Lions [Lio96] Theorem 3.6, so we omit the details.

Now we interpolate between (4.17) and (4.19)). Let 6 = 14%11’

1
9 1-9 1-0, sOu+0-1
[wll 2 p22 () < HWHLP(QQ)HWHL?OLQIC(QQ) < (20) o™ < 5m,

where we choose 1y = 4671;1 < %7)1 from Theorem E and po, g2 are determined by

1 0 1 0
— = -, —=—-+1-0.
b2 p q2 p

Combine the above with (4.17]) we have

1 1
HVUHLfLi(Qz) + HwHLf2L§2(Q2) < o + oM ="m- (4.21)

By the choice of 6 and the range of v,

1 1 1 1 24+v

p p2 p pl+v) pl+v)

1 1 14+wvp _2+1/+1/p<7
p @ p pll+v) pl+v) 6

One can also easily check that p < 2 implies g2 < 2, and thus by (4.16)) and (4.21))
the requirements of the Local Theorem [4.3] are satisfied with p; = ¢1 = p, and it

completes the proof of the lemma. O

Now we transform this lemma into the global coordinate. Recall that Q. (¢, x)

is defined by (|4.7]).

69



Corollary 4.12. There exists n3 > 0 such that the following holds. If for some
5 S n2,

N

D
i ][ VuP dedt | +6 Vul* dz dt < nse™, (4.22)
QE(t,x) Qé(tvx)

then
IV%(t, )| < Cphe "2
Proof. Define @ by (4.3]). Then (4.22)) implies

2
5 <][ Va|Pda;dt>p <1, 5][ |Vaif* do dt < g
3 Q3
P
Ny (/ \Vﬁ]pd:rdt> <n3|Qs|7, (5/ IVa|? dz dt < 3| Q).
3 Q3

Moreover, (4.16|) is satisfied by @. Therefore, if we choose 13 such that

1 1
max {7732 |Q3\pﬂ73!Q3|} = 12,

then by Lemma @ := curla has bounded derivatives at (0,0), and thus finish
the proof of the corollary by scaling. O

Then we use the maximal function to go from the local bound to a global

bound.

Proof of Theorem[[.1 First, we fix % <p<2 12)%}17 <v< 7@%;2. Let n < 1 be

a small constant to be specified later. Finally we fix a 0 < § < oo. For (¢,z) €
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(0,7) x R3, define

2

P

I(e)=¢* |07 (f M(vu)|P> +96 IM(Vu)?
Qe (t,x) Qe (t,x)

If (t,x) is both a Q-Lebesgue point of |M(Vu)|P and of |[M(Vu)|?, then we claim

that there exists a positive € = £(; ;) such that one of the two cases is true:
Case 1. 3g(1q) < t%, and I(gqq)) =1
Case 2. 3¢(14) = ¢2, and I(ez) <

This is because by Theorem [4.5

lim I(2) = 0* [ (|M(Ta)(t, 2))7 + 6|M(Tu)(t, ) 2| =0,

e—0

and I(e) is a continuous function of ¢.

On the one hand, in both cases we have I(¢) < 7, which implies that

1 1
5 Ve ][ IM(Vu)P | <m, 526 f IM(Vu)* | < 1.
Qe (t,) Qe (t,x)

If we set n < 77(2), then depending on § > 1 or § < 1, one of the two would imply

N

admissibility condition (4.8]) by Jensen’s inequality. Therefore Q. (¢, x) is admissible

and
I(e) < &t [ Mo(M(Vu))» + IMo(M(Vu)?)|,

so we can combine two canses and conclude

t,x)

€l S max {717 [5—2VMQ(M(W)P)% + M@(M(W)?)} ,81t—2} . (4.23)
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On the other hand, if we set < n3, then in both cases I(e) < n3. If § <19

one would have
|V"w(t, )| < Cpe "2 (4.24)

by Corollary If § > 1, notice that by Jensen’s inequality,

(f |M<Vu>\p> <f M(Vu)2,
Qs(t,x) Qs(t,m)

SO

I(e) > e* [(672 + 6 —mp) (f IM(Vu) Ip>
Q:(t,x)

AN

e f M(Vu)?
Qg(t,ﬁ)

> et (1—772)<][ |M<Vu>|p> +772][ M(Va)
Qc(t,x) Qe (t,x)

2

P
> (L—m)"e |y ™ (f IM(W)!”> + 772][ (M(Vu)|®
Qé(tvz) Qs(t,CC)

If we require n < (1 — 12)n3"n3, then

o {2 (7[ |M(Vu)|p> +772][ M| < ns.
Q€(t1x) Qs(tvx)

again by Corollary we would still have (4.24]). In conclusion, we choose

n = min {ng, (1 — n2)n3"n3},
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then for any 0 < § < oo one would have

4
IV%(t, )72 < Ci? max {71] [5—2VMQ(M(VU)I>)% + 5MQ(M(VU)2)} ,81t‘2}

by putting (4.24) and (4.23)) together. Denote f = |V”w]ni+2, and we denote f1 =
MQ(M(]VU,\)I’)%, fo = Mo(M(|Vu|)?). Then we have almost everywhere

fl{f>cnt72} Sn 572”.}"1 + 6f2
By Theorem [£.4]

2
il < ColMVu)P[[”; S Co M(Vu)? |11 < Gyl V2,

2
P

I f2ll Lo < CLIM(Vu)? || < C1[ V3.

~

Finally, by the interpolation between Lorentz spaces Lemma [4.6)

1/ Lir>cn—2yllnraver Spmn ||VUH%2((Q,T)><R3) < HUOH%%RB)-

This proves the theorem for ¢ > 1 + 2v. Recall that p can be arbitrarily chosen

between %1 and 2, and v can be chosen between 12)%11’ and 7%’:;2, so v can be arbitrarily
small, therefore we prove the theorem for any g > 1. O
Estimates on V2u can be obtained by a Riesz transform of Au = — curlw.

Proof of Corollary[{.3 We can put K C (t,T) x Bg for some ty, T, R > 0. Denote
Q = (to,T) x Bar. Let p € C>°(R3) be a smooth spatial cut-off function between

1BR < 1% < 1BQR' Then

[A(pu)]

L aqeomyseey 0 18U g0 T IV g 1l 40
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Since Au = — curlw, the case n =1 of Theorem [.] gives

3
HAUl{ < Cq||u0”z2(R3)v

4
|Au|>Cit~ 3} HL?"]((O,T)XR?’)

SO

18014 < Callillaesy + Cull 3l ) S Calluley + €1 ()

L%’q(Q) to

As for lower order terms,

IVll, 4 o S IVullz2e)

lull, 3 g < Il 2200
For Leray-Hopf solution, HVUHL?L%mLfH%((QT)XRg) < |luo||z2, so

3 3
HA(pu)HL%,q R3) Sa.K HUOHEE(R?s) +1+ ”UOHL?(RS) S HU0||22(R3) + 1.

((to,T)

Because Riesz transform is bounded from L%’q( (to, T) x R3) to itself by Lemma

3
HVQUHLé Sq,K HUOHEZ(H@) + 1.

2

HLg,q(Q)
O

Remark 4.13. For smooth solutions to the Navier-Stokes equation, we have L4

estimate for the third derivatives for any ¢ > 1,

2 2
HV wl{\V2w|>Ct*2}HLl,q((oj)XRS) < CqHu0||L2~
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4.4 Local Study: Part One, Initial Energy

The following three sections are dedicated to the proof of the Local Theorem

In [Vasl0], the proof of the local theorem consists of the following three parts:
Step 1. Show the velocity u is locally small in the energy space & = L{°L2NL2H}.

Step 2. Use De Giorgi iteration and the truncation method developed in [Vas07]

to show u is locally bounded in L°.
Step 3. Bootstrap to higher regularity by differentiating the original equation.

In our case, directly working with w is difficult due to the lack of control on the
pressure, which is nonlocal. Therefore, we would like to work on vorticity, whose
evolution is governed by and only involves local quantities. Since w is one
derivative of u, we have less integrability to do any parabolic regularization, and we
don’t have the local energy inequality to perform De Giorgi iteration. This motivates
us to work on minus one derivative of w, but instead of w we use a localization of

w. Similar as [CLRM18]|, we introduce a new local quantity

v:= —curl P! A pcurlu = — curl o A~ pw.

where ¢ and ¢* are a pair of fixed smooth spatial cut-off functions, which are defined
between lBg <p< IB%, 13% < npﬁ < 13%. This v is divergence free and compactly
supported. It will help us get rid of the pressure P, while staying in the same space
as u: it scales the same as u, has the same regularity, inherit a local energy inequality
from wu, and its evolution only depends on local information. We will follow the same
three steps above, but we will work on v instead of u.

For convenience, from now on we will use n to denote a small universal
constant depending only on the smallness of 7, such that lim,, ,on = 0. Similar

as the constant C, the value of 7 may change from line to line. The purpose of this
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section is to obtain the smallness of v in the energy space &£, which is the following

proposition.

Proposition 4.14. Under the same assumptions of the Local Theorem[[.3, we have

||UH(%;(Q1): sup / |v(t)|2da:+/ Vo2 da < . (4.25)
te(—1,0) J By 1

For convenience, define ¢s3, g4, g5 by

111 111 1_(1 1)
a o 3 @ g 3 3 s 3),

4.4.1 Equations of v

We use (4.10) in (4.1)) to rewrite the equation of u, then take the curl to rewrite the
equation of w, finally apply — curl ! A=1¢ on the vorticity equation to obtain the

equation of v.

O+ Peyri(w X u) = Auw,
Oww + curl(w X u) = Aw,

Ay — curl P A" p curl(w x u) = — curl P A" p Aw. (4.26)
The second term of is
curl P A7 curl(w x u) = B — Py (pw X 1)
where B denotes the quadratic commutator

B := —curl(1 — ") A" g curl(w x u) + curl A~ [, curl](w x )

= —curl(1 — o)A pcurl(w x u) + curl A™H =V x (w x u))
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Here we used (4.12)). The right hand side of (4.26) is
—curl ! A7 pAw = Av+ L
where L denotes the linear commutator

L := [—curl P! A1, AJw
= —curl[p* A, Alw
= — curl[p?, AJA " pw — curl p* A, Alw

= — curl[pf, AJA L pw + curl ! A~ (2div(Ve @ w) — (Ap)w) .
Here we used (4.13]). Therefore we have the equation for v as the following,
00 + Peyri(pw X u) = B + L + Aw. (4.27)

We observe the following localization decomposition.

Lemma 4.15. We can decompose
YU = v+ w, pw = curlv + w,

where w and w are harmonic inside Bj.
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Proof. We can compute v by

v=—curl ! A pcurlu

= curl(1 — At pcurlu — curl A g curl w

= curl(1 — o" A tow — curl A~ o, curl]u + Pey (ou)

= curl(1 — oA ow + curl A" (Vg x u) — Py (pu) + pu

= curl(1 — o)A tpw + curl A™H(V x u) — VA™H (Ve - u) + pu

using divu = 0. We denote
w = —curl(1 — o)) A pw — curl A™Y (Vi x u) + VA™Y(Vy - u),
which implies the first decomposition ¢pu = v + w. By taking the curl,

curl(pu) = curlv 4 curl w,
Vo x u~+ pw = curlv — curl curl(1 — o) A~ pw — curl curl A~ (Vg x u)

= curlv — curl curl(1 — o)) A" pw + Peyt (Vo X 1).
We denote

w = —curleurl(l — ") A" pw — Py (Ve X u)
= —curlcurl(l — ") A" pw — VA~ Hdiv(Ve x u)

= —curleurl(l — o)A pw 4+ VA~V - w)

which implies the second decomposition ¢w = curlv + w. We can easily see that

Aw and Aw are both the sum of a smooth function supported outside Bz and the
2

Newtonian potential of something supported inside supp(Vy) C Bs \ Bs, so they
4 5

are harmonic inside Bj. O
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Using this decomposition, we can continue to expand

Peuni(pw X 1) = pw X u — Py (pw X u)
1
:wxv+wxwf§IP’v((curlv+w)><u+w><(v+w))

1

=w X v—ipv(curlv Xu+wxv)—W,

where W denotes the remainders involving w and w,
1
W .= —wxw+§IP’v(w><u+w><w).
By subtracting (4.11)) from (4.10)), for divergence free u, v we have
curlv X u + curlu x v = =V(u - v) 4+ 2u - Vo + curl(u x v),

S0

1
]P)Curl(gpw X U) —wXv+ QV(’UJ . ’U) — PV le(U X ’U) - W

1
=wxv+V <2u-v—A1divdiv(u®v)) - W.
For convenience, denote the Riesz operator
1 R T
R= 5 tr —A™ " divdiv
Finally, we have the equation of v as
ov+wxv+VRu®v)=B+L+W + Av, dive = 0. (4.28)

We now check the spatial integrability of these new terms.
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Lemma 4.16. For any 1 < p < oo,

[ollze, IVwliLe, lwlle S @l sz + lullLe(sy),
IVullze, [Vl S lwllzes,),

IV2wlize < lullwn(B2).

~

If we denote q = (% - %)11, then

IBllLa(By) S llw X ullrr(By),
Ll r(By) S llwllze(B,):

”WHLP(BQ) S ||OJ X wHLP(Bz) + ||w X u”Lp(Bz)
Proof. v, w,w are all supported inside B, so

[vllze < lleullze + wlloe < llullr,) + VWl Lr,
IVwl|ze < ||V curl(l — ) A ow]| Lo(p,) + IV curl A™H(Vip x w)|| o
+[V2PAT (Ve ) e

S = e)A pwlle2 + [V x ullpe + [V - ul o
S llwllprsy) + lullzesy),

I=]le < || curlcurl(l = YA w| 1o,y + VAT (Vi - w) | o
< (1= eH A pwlle2 + VAT div(Ve x )|
< lwllziy) + IV x ul| e

< wllzr(By) + ullLe(B,)-

Here we used Lemma since ¢ and 1—¢! are supported away from each other, and

we also used the boundedness of Riesz transform by Lemma [£.7] Their derivatives
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are bounded by

IV0llr = ||V curl pf A opw|| 1o
< ||V curl A™ pw|| 1o + ||V curl(1 — 0" A~ ]| o3,
S Nwllze(sy) + 1wl B S lwllzr(s),
IV2wl[ze < [|V2 curl(1 — o)A~ gwl| Loy + [V curl A™H(Vip X u) | 1o
+{IVPATH (Ve - u)|e

Sllwlizisy + lullwies,) S lullwies,),

IVl < IV curleurl(l — ) A gwll gy + IV2A (Vi - w) 1

Slwllzisy) + lwllzesy) S llwllze(s,)-

The proof for B, L, W are similar so we omit here. O

Since u € £ and w € LLL, it can be seen from the above lemma that

v, Vw,w € &, thus

Blls(B,) S llw x ul € Ly,

L3 (By)
1Ll 2By S ol z2(m,) € Lis

Wl ) S oo X 0l 35 + Il X ull g € L2,

Bo) Bo)

3
therefore B,L,W € L} L3 + L2L?

loc,x

In the appendix we prove the suitability

loc,x"

for v: it satisfies the following local energy inequality,

2 2
6‘”2+]Vv|2+div [WR(u ® v)] < A@+v-(B+L+W). (4.29)
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4.4.2 Energy Estimate

Multiply (#.29) by ¢* then integrate over R? yields

2
% 9041}2|dx+/cp4|Vv|2d:c

2
< /@Acp‘lda:—l—/(v-Vap"‘)R(u@v) dz

+/<p4v-Bd:U+/g04v'de+/cp4v-Wd:L".

Let us discuss these terms. For the first four terms on the right hand side,

2
v
IA = /|2‘A<p4 dz < C’H<p2vHL2Hv||L2, (4.30)
In = / (0 VYR (u® v) dz < C|p?l| 2| R(u ® v)|| 2 (431)
< Ol 2 llu ® vz,
Iy = / oo Bdr < [[¢2]|2]0?B] 1z (4.32)
< CllgPollzello x ull g
4 2,1 2 2
I = [ oo Lde < o3 ol ool 12s [|0?L o (4.33)

1 2
< le*ollFa M0l 2as wll oz 52 -

Here we use Holder’s inequality, ¢ is compactly supported in B2 and q% + q% +% <1

For the W term,

Iw 1=/g04v-de
1
:—/cp4v-w><wdx+2/g04v~IP’V(w><u+w><w)dx

1
=—Iw1+ ifwz-

82



For the first one, we break it as
w1 :/g04v-wxwdx:/go?’vxcurlv-wder/cp?’v-wxwda:.
Using (4.10),
1 2
v X curlv = §V|U\ — (v V),
we have

1
/gpgv x curlv - wdz = —3 / v|? div(®w) do + /v - V(pPw) -vda

< Clle*v]l2 (IVw @ vl L2 + [[w @ 0| £2) -
The remaining is of lower order,
[ x wds < Ol @ x i
For the second one,

Iwg—/IPv(<p4v)-(wxu+wxw)dx

< P (e ) zsllw x utw x w] g
where
1P (¢"0)llzs = IVAT! div(p™) |6 = VAT (v V) s < Cllp?o]| 2.
So Iw can be bounded by

Iw < C||¢%0|| 12 <||Vw ® 02 + || X w2 + || X u+w x w||Lg) L (4.34)
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In summary, we conclude that for —4 <t <0,

v dx+/<p4|Vv|2d:cSIA+IR+IB+IL+IW

with good estimates on each of the term on the right.

4.4.3 Proof of Proposition [4.14

First we check the integrability of each terms.

Lemma 4.17 (Integrability). Given conditions (4.4) and (4.5), we have

ull ey L33 g,y < 15

lewllzz o1 (—a0)xm2) < 7
IVOll L1 Lo a0y <3y <705
101l 21 L33 ((—,0)xms) < 7
||vaLf1Lg3((_4,o)XR3) <,
=7

||wHLf1LgS ((—4,0)xR3) =7/

”wHLflL?((fZL,O)XR?’) <,

(4.35)
||‘PWHL€2L§:2((_470)XR3) <,
vaHLfQLg2((_470)XR3) <mn,
‘|UHL$2LZ4((_470)XR3) <mn,

(4.36)
||w||L1t?2Lg4((7470)><R3) <n. (4.37)

Proof. Integrability of u is obtained by Sobolev embedding and that pu has average

0. Integrability of pw is given. The remaining are consequences of Lemma [£.16] and

Sobolev embedding.

O]

Proof of Proposition[{.14. We prove Proposition [£.14] using a Gronwall argument.
Multiply (4.35) by an increasing smooth function 1 (t) with ¢1(t) = 0 for t < —2,
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P1(t) =1 for t > —1, we have

2
i (00 [ a0) ) [ toopan

2
= (t) /@4|U2‘ de+Yn(t) (Ia+In+ I+ I, + Iw) .

Formally, we can integrate from —4 to ¢t < 0 and we have

2 t
w0 [ aot [ o) [lvepas

t 2 t
:/_2 wll(s)/gDMUQ‘ d:L‘dt—l—/_Q@Z)l(s) (IA,R,B,L,W) dt.

This integration is justified since v satisfies the local energy inequality (4.29) in
distribution, and vy (t)p*(x) € C°((—4,0] x Bs). Because of (4.30)), (4.31)), (4.32),

(3. (@30, and

[l
I uli2 160y < © (1+ [ P a)

we can conclude that

i(wl(t)/somfdx) +w1(t)/¢4|wy2dx
0 <1+w1(t)/¢4lv; dx>,
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where

4|U‘2

o) = (1) [ o' da
ol + u @l + o xall g
ol [l gy + V0 @ ]2
i xwllge + [l x utw x vl g
< Moll3a + ol z= + ol s 1l s )+ ol 2 el 5
ol Il sy + 190 g 0]
+ 1wl s ol
ol ol + ool o]

1
< (Iollzs + Dol + Ml + 190 + ol

1
x (umww el 2+ el + \|wuLg4)

Here we used interpolation for [[v]|7, < ||v|| s |[v]| fas. Therefore

1
1113 5 | (1ol + ol + ol + 190l + s )|
Lt

X <.

P2
Lt

1
(Il + ol + il + vl )
By a Gronwall’s lemma, we conclude that for every —4 <t <0,

2 t
14 1 (8) / o ar / o) / SV da < 400 s < (On,
—4

Therefore by taking the sup over —1 < ¢ < 0 and ¢ = 0 respectively, we conclude

sup /|v(t)\2dx <n, / |Vo|? dzdt < .
~1<t<0 .
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4.5 Local Study: Part Two, De Giorgi Iteration
In this section, we derive the boundedness of v in @ 1 which is the following.

Proposition 4.18. Let v solves (4.28)). If (4.25) holds for sufficiently small n, and
we have integrability bounds in Lemma[].17, then we have

lvllee(@,) = sup [[v(t)l|rees,) < 1.
L (Q%) re(-10) L (B%)

The proof uses De Giorgi technique and the truncation method. First, we

set dyadically shrinking radius,
1 1 1
TZ:§(1+8_’€)7 ri:§(1+2><8_k)7 ri:§(1+4><8_k)

Then we define dyadically shrinking cylinder Qy’s,

b b2 b b b b

Ty =rg By, = Br;:(o% Qr = (=T}, 0) x By,
2

T =87, B = B,:(0), Qi = (~T},0) x B,
2

T =rl” B} = B (0), Q! = (~T7,0) x BL.

We also introduce positive smooth space-time cut-off functions pi and pi with
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Then, let ¢, denote a sequence of rising energy level,

_ Vg
Ck:]'*Q k’ Uk:(|v|7ck)+a ﬁk: m»
Qk:{vk>0}, 1k:1Qk, akzl_ﬁk-

We define analogous of vector derivative d and energy quantity Uy:

di = 1k (OJk|V‘UH2 + ,Bk‘VU‘Q) y

U, = ||Uk||%oo(_T£,0;L2(BZ)) + ||dkHi2(Q',;)‘

We have the following truncation estimates.

Lemma 4.19.

agv < ¢ <1,

2
1Bkl pamezimagy_y) < OVt

2 k
HlkHL?OL%ﬂLng(Q',’C_I) <’ Up_1.

Proof. The first estimate follows from the definition. By Lemma 4 in [Vas07], we
have |Vug| < di and |V(Brv)| < 3dx. Moreover, since |V|v|| < |Vo|?, we see

dp < dg_1, as v and B are monotonously decreasing. So

Hv(ﬁkv)Hm(szl) < 3HdkHL2(Q']’€71) < 3Hdk*1HL2(Qbk71)'
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Moreover, the truncation gives |Brv| +27%1;, = v, + 27F1; = 1vp_1, s0

H/BkaLtDOL%(QZ_l) S ‘|Uk—1HL?°L%(QZ_1)’
27kH1kHL;>OL§(Qb,€71) < HkalHL?OL%(QLl)’
Q_kH]-kHL?Lg(QZ_l) < ||Uk:—1HLt2L§(Qbk_l)

<okl peerzr ) + IVOR-1ll2(g2 )

< HkalHLgoLg(QLl) + HdkfluLQ(QZ,l)'

Corollary 4.20 (Nonlinearization). If f € LYLL(Qk—1), with

Lo (0 1=0y_ L, (0. 1-0)_,
pry2 o ) 7 q76 2 -

for some 0 <0 <1, 0<0o <, then uniformly in o,

o k 3
[ 18wl ifldedt < s, Ui

k—1

Proof. By interpolation,

1
1Bkl 1kl gro 30, ) < Ui,

where
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Therefore, using Holder’s inequality,

_ ol
/ B et < g kol oo N1l < 151z U

O
First, we recall the following identities from [Vas07].
2,2
OV - O = O (M) , (4.38)
_ v]* = U/% 2 2
agv - Av = A )t di, — |Vv|=. (4.39)
Since axv is bounded, we can multiply equation (4.28) by axv and obtain
jof? = o?
Oy — + av - VR(u ® v) (4.40)

vf* — v} 2 2
=A s +di — Vv +apv- (B+ L+ W).

using (4.38)) and (4.39)). Denote C, = B + L + W. Subtracting (4.40)) from (4.29),

we have

2 2
at%k + d2 + div(vR(u ® v)) — agv - VR(u ® v) < A% + Brv - C,.
Multiply by pg, then integrate in space and from ¢ to 7 in time,
’UQ T T
[/ pk?k dx] + / /pkdz dx dt
T 7 U2 T
< / /(@pk + Apk)Ek dzdt — / /pk div(vR(u ® v)) dz dt
+ / /pkakv -VR(u®v)dzdt + / /pkﬂkv - C, dx dt.
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Take the sup over 7 > —le, and set 0 < —Tg_l, we obtain

2 0
U < sup /pkl;k dx+/ /pkd% dz dt (4.41)
TE(-T3,0) T

<C’k/ videdt 4+ sup {/ /pkakv-VR(u®v)dxdt
QL re(-13,0) \J =T}

—/ h/pkdiv(vR(uQZ)v))dxdt

+/ /pkﬁk’l} - Cy, dxdt}.
—T,E

Using Corollary the first one is bounded by

J

Now let’s deal with the last few terms. For simplicity, we use [[ dzdt to denote

5
vidazds < /b |Brv[*dzds < UZ_,. (4.42)

b
k @k

szg Jgs dazdt in the rest of this section.

4.5.1 Highest Order Nonlinear Term

Define three trilinear forms,

Tolvy, v2,v3] = //sz div(v1R(v2 ® v3)) dw dt,
Ty(v1, v, v3] = //pkvl - VR (v ® v3) de dt,
Taiv[v1, v2, v3] = // pr div oy R(vy ® vs) dx dt.

They are symmetric on vg, v3 positions. When we have enough integrability, that

is, when

1

[V [[val|vs], |[v1]|Valvs], v ]|v2|[Vs| € Ly,
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we have Leibniz rule
Ty, = Tv + Tyiv-
The goal is to estimate the first two double integrals in (4.41]),

// Pt - VR(u © v) da dt — // o div(vR (1 ® v)) da dt

= Tylagv, u,v] — Tolv, u, v].
We first separate w ® v from u ® v, and we will have

Tv[agv, w,v] — Tolv, w,v] = Tylagv, w,v] — Ty[v,w,v] — Ty v, w, v]
= —Ty|[frv, w,v]

_ // peBrv - VR(w @ v) de dt.

Denote —VR(w®wv) =: W3 and we will deal with it later. The remaining (u—w)®wv

can be separated into interior part and exterior part,
(u—w)®v:piv®v+(1—pi)(u—w)®v.
The exterior part is bounded and smooth in space over the support of pg.

lorR((1 = ph) (u = w) @ ) s e < Cll(w = w) @ 0| 232

< Cllu — wll ey pg3 (o vl 2 o < 1.

Here, we denote
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Therefore we can use Leibniz rule similar as w and

Ty[arv, (1 - p})(u—w),v] = To[v, (1 — p})(u — w), v]
= Tylagv, (1= pf)(u = w),v] = Ty, (1 = pf)(u—w), ]
= —Ty[Brv, (1 - pf)(u—w), 0]

— [ pho- VR (1 ) - w) dode

5__2
3

k 3
< chyl
by nonlinearization Corollary [£.20] The interior part is

Ty oo, pﬂkv, v] = Tolv, p’;v, v]

= T lagv, plBrv, Brv] + 2Tv [k, phagv, Giv]
+ Ty[agv, piakv, agv] — Tolv, piv, v]

= Ty[ayv, piﬁkva Brv]
+ 2T [ayv, piakv, Brv] — 27T giv [agv, piakv, Brv]
+ T [agv, piakv, av] — Taiv[agv, piakv, agv]
— Tolv, piv, v

= T layv, p}Brv, Br]
+ 2T iy [Brv, phakv, Brv] + Tai [Brv, phagv, agv]
+ 2T [y, piakv, Brv] + Tolagv, piakv, V]
— Ts[v, piv, v]

= Ty |y, plBrv, Brv] + Taiv [Brv, kv, (Bk + 1)v]

- To[ak'l), piﬁkva Bkv] - T, [Bk;'l), pg:'l), U].

Notice that the boundedness of ajv guarantees enough integrability to switch be-
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tween trilinear forms. Then

|TV[OékU, piﬂk”) ﬁkv”: |TdiV[/8kv7 piakv, (ﬂk + 1)””
5 4
5 ||V(Bk‘v)HL2(Qk71)Uk671 S Uksfl’

5
T [agv, Bk, Brv]], | To By, pho,v]| S TR .

In conclusion,

' // progv - VR(u® v) da dt — // pr div(vR(u ® v)) dz dt (4.43)

in{d 2_2,
_//PkﬂkU'WQd:L'dt' 5CkU;:11{3’3 31”3}_

4.5.2 Lower Order Terms

For the bilinear and linear term, recall that inside B,

B =—curl A™}{(Vy x (w x u)),

L =curl A7 (2div(Vy @ w) — (Ap)w) .

Therefore,
kBl prs oo < [low X “”LPSL%(QQ) < lullpr pasllwll prz oo <,
t T
HPkLHLfQLgo < HWHLfQLg?(QQ) <1,
Thus
5__2
// B ppfvdrdt < CFU; 8, (4.44)
5__2
// L ppBrvdadt < CFU. . (4.45)
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4.5.3 W Terms

Finally, let us deal with
1
W+ W, =—wx w+§Pv (wxu+wxw)— VR(w®wv).
Here VR = %V tr —Py div, so

VR(w®v) = 1V(w cv) — Py div(v ® w)

2
1
:§(w'Vv+v-Vw—|—wXcurlv—l—vxcurlw)—Pv(U~Vw)
1
= Q(W'VU*U‘Vw)ﬁLPcuﬂ(U‘Vw)

+ % (w x curlv 4+ v x curlw),
VR(w ®v) = Py(VR(w ® v))
= SPy (- Vo — v Vu) + 1Py (w x curlv + v x curlw)
= %]P’V (curl(v x w) —vdivw + wdivw)
+ %IP’V (w x curlv + v x curlw)

1 1
= —§IP’V (v(u-Ve))+ 5IP’V (w x curlv 4+ v X curlw) .

Hence

1
W+W2:—wxw+§Pv(v(u-Vg0))

1
+§Pv(wxu—i—wxw—i—curlvxw—i—curlwxv).

Again, we separate W + Wy into exterior and interior part, with

W + W2 = Wext + Wint
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where

1
Wete = —(1 — pi)w X w + §]P’v (v(u-Vy))
1
+§IP’V ((1—p§€)(w X U+ w X w+ curlv X w+ curlw xv)) ,

Wint = —pﬁkw X w

1
+§IP’V (pﬁk(wxu—l—wxw—{—curlvxw—{—curlwXU))

i i

= —ppcurlv X w — ppww X w
1
+§IP>V (pﬁk(wqurcurlwvarwxw))

1
+§IP’V (pﬁk(wxwﬁ—curlvxw—wxw))
i i

= —ppcurlv X w — ppww X w
+ Py <p?€w X u) + Py (p’; curlv x w)

= _]P)curl<pi curlv x ’U)) - Pcurl(piw X w) + Py (piw X ’U) :

Similar as bilinear terms, prWext is small in Lf‘3 LS°. Among the three terms in

Wing, plﬁﬁw X w is bounded in LY L, and piw is in L2 L. Finally, for the first

xX
term,
Peyri(curlv x piw) = —Peypi(curl p’;w X V) + Peypr(v - Vpiw + piw - Vo),

Pcurl(piw - V) = Peypi(curl(v x plﬁﬁw) +v- Vpiw —vdiv pﬁw)
= curl(v X piw) + Peuri(v - Vpiw —vdiv piw),

curl(v x piw) =vdiv p,ﬁcw + piw -Vv—uv- Vpi;w.
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Every term is a product of v and Vpiw (possibly with a Riesz transform) except

i

prw - Vu. Because in Qy, V|v| = Vuy, are the same, we have

o[

/pkﬁkv‘(piw-V)vdx:/pkﬁk(w.v)”2
Z/pkﬁklvl(w-V)|v|dx
iy F—
:/pk(w-V)vfdm

02
= —/deiv(pkw) dx.

dx

Therefore, every term of Py, (curl v x piw) is a product of v and Vppw or Vpiw

Inside By, w € LY'CS°. In conclusion,

52
ﬂ Pkﬁk’U *Wegpdodt < CkU;,fps >

5__2

//pkﬁkv .IP’wrl(p,ﬁC curlv X w)dzdt < C’kU,f_fm,
5_ 2

3 3

//pkﬁkv : ]P’wrl(piw x w)dadt < C’]‘CUki1 rs

i

5 2

//pkﬁkv Py (p kw x v)dzdt < C’kU,;z%.

So the sum is bounded in

5_ 2
//pkﬂkv (W + Wsy)dxdt = //pkﬁkv - (Wint + Wey) de dt < CkU,:ilJp3

(4.46)

provided Up_1 < 1.
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4.5.4 Proof of Proposition [4.18

Proof of Proposition[f.18 Coming back to (4.41)), by estimates (4.42)) on the first
term, (4.43)) on the trilinear terms, (4.44)), (4.45) on the B, L terms and (4.46) on

the W terms, we conclude that

k min
U, < CfU,_,

provided Up_1 < 1. Here ps > 1 ensures the index is strictly greater than 1. Since

0
Uy = sup /|v0|2dx+/ / d3 dz dt
te(—~1,0) -1JB;

0
= sup /]v|2da:+/ / Vo2 dadt <7
te(—1,0) -1/B

by Proposition we know that if 7 is small enough, Uy — 0 as k — oo. So in
@1, |v] <1 a.e.. This finishes the proof of Proposition W O
2

4.6 Local Study: Part Three, More Regularity

In this section, we will show that the vorticity w is smooth in space. We will only

work with the vorticity equation from now on. After the previous two steps, in B1
2

we should always decompose u = v 4+ w, because v is bounded and w is harmonic.

For convenience, given a vector w, we denote

w’ = — w® = |w|*w® a € R.

jw|’
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Let 0o be the partial derivative in any space direction or time, then we have

Do(|w|®) = aw® ™! - Oyw,
Do (W) = |w|* L0ew + (@ — 1)(w* ™2 - Dow)w,
éa.a.qwm W 2|Buw]? 4+ (@ — 2) (@ L Buw)? A+ WL - DB

> (a— 1)(w%_1 . 8.w)2 + w1 9,00w

4(a—1)
=

2
Oew? | + w1 0,06w.

a

4.6.1 Bound Vorticity in the Energy Space

We will first show w is bounded in the energy space.

Proposition 4.21. If u =v 4+ w in Q1, where v,w are bounded in
2

llz=@,) + IVollra@y) <2 (4.47)
curl w 3 + ||w|| 4 <2, 4.48
H HLfLE(Q%) H ”L? Lip, (@1) ( )

w = curlu solves the vorticity equation (4.6)), then
3

(a) Hw“HS(Q%) <C,

(b) HWHS(Q%) <C,

Proof of Proposition (a). We fix a pair of smooth space-time cut-off functions

0 and ¢ which satisfy

IN
Ve
IA
—
QO
IA
s}
IN
o
O

ool
INE
ol
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Take the dot product of the vorticity equation (4.6 with %w%:

Therefore,
3, 3 104 s
Or+u-V—A)(lw|2)+ iw-Vu-oﬂ + §|Vw4\ <0.
Multiply by 0% then integrate over space,

4
/96(8t+u-V—A)(|w|§)d:U+/96|Vwi|2dx§ —2/96w-Vu~wé dx.

3
(4.49)
For the left hand side, we can integrate by part,
/96(at+u-v—A)(\wyS)dx (4.50)
d 6) ,3 6 3
T lwlzdz — [ (8 +u-V+A)°) |w|2 d,

where the latter can be controlled by

/ (O +u-V + )% |w|? do < € (1 + uu\mBl)) / olw|zdr.  (451)
2
For the right hand side, using © = v + w over the support of ¢ we can separate

6 1 6 1 6 1
ow-Vu-w2der= [ o°w-Vv-w2dr+ [ o°w-Vw- w2 dz, (4.52)
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The Vv term can be controlled by

N|=

/QGUJ'VU'QJ;CLT:/W'V(QESW )-vdx (4.53)

_—/Q6W‘V(w

[NIES

)-vdx—/w~(wé®Vg6)~vdx,

where
1 1 _3 1 1 1 0y 0
w-V(w?) = |w| 2w Vw—i(w-Vuww 2w = w? Vw—i(aﬂ-Vw'w)w
= |w V(w%)] < ‘;wé Vw’ = 2|w]% ‘iwi Vw' = 2[@)\% V]w\%

< 2[w|%|ng] < |w]% + |Vw%]2.

Here the second to the last inequality is due to 8i|w|% = dw1 - w’. Since v <1

over the support of g,

/Q%.V(wé).vdxg /g6|w\gdx+/g6|Vwi]2dx. (4.54)

By using (4.50)-(4.54) in (4.49), we conclude

4
% Q6|w|gdx+3/96Vu}i|2dx
S/[(8t+u~V+A)g6] w2 dz
e
4+ | o°w-Vw - -w2dz
—I—/w'(wé®VQ6)'vdx
+/96\wlgdx+/g6ww2|2dm
d : 1 :
e gﬁ\wlgdx—l—g/wai\de

3
< 0 (14 1utollmisy) + IV0@misy ) [ ool
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By Holder’s inequality,

41,15 3 61,3 :
o'lwlz dz < [lw(?)]|?s o'lwlzdz ) .
L2(Bl)
2
Therefore we can write

d 1
¥ gﬁ\w|gdx+3/96]Vwi\2dx§0<1>(t) <1+/g6|w\gdx>,

where

1
(0= (1+ 1@lly) + T o)) 0135,
< (2 Iy + 190,
: 1
< (lewto@ily -+ lewtuwlly
2 2
since u = w + v, and |v| < 1 inside B%. By (4.47)),
i < } 1
®(t)dt 1 \Y% lw(t <C.
[ ewas g o) (1900 + leutul?, ) <

L7LE @1)

So by Gronwall’s inequality,

2

3
iz r2nnzina

)Sec—l.

1
1
[

Proof of Proposition (b). From Proposition [4.21] (a) and Sobolev embedding,

l|lwl| 3 3 9 <C,
LELENLE LE (Q1)
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this interpolates the space

HWHLfL:%(Q%) <C.
Multiply the vorticity equation (4.6) by ¢?w then integrate over R3,
d 2 2
/ 2w dx+/§2]Vw|2dx:/(6t§2+Ag)’ 2l dz

dt
- /(u~Vw) Cwdr

+ /(w -Vu) - Cwdz.

The first integral is L' in time because w € L} L2. For the second,
2 2 jwl?
/(U-Vw)~g wd:c:/g u-V—da:

2
/’ ‘u V2 dz
= /|w2u \Y%S

< lswllz2llu - Velwlll g2,

4
the latter is bounded L! in time, by v € L}L and w € L{L2. For the third

integral,
/(w V) - Pwde = /(w Vo) - Pwdr + /(w - Vw) - s*wdz.
4
w is bounded in L} Lip,, and for v,

/(w-Vv Swdr= [ wv- 2w)dx

\\

(w- V¢?) dac—i—/v'(gQw-Vw)dx.
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The former is L' in time, while the latter can be bounded by Cauchy-Schwartz,

1 1
/U'(<2w'vw)d$ < 2/|v®§wl2dx+2/g2|Vw2dz.

In conclusion,

d 2‘W|2 1/ 2 2
dt/g 5 dx+2 ¢“|Vw|*dx

< Cllw®)l7 B,y T Cllu®) |3 ) lw®l 225, llsw )|l 22
(By) ,
1

1
4

+ ClIVwll ey lsw(t) 32

< Cd(t) <1+/g2|°"2|2 dx)

where

o(t) = lw®)l 72, ) + lu®llz By w25y + [V B)lzeBy),
4

1
1

whose integral is bounded using (4.47)),

0
O(t) dt < [|w]|? + ||u w + [|[Vw <C
/ (t)dt < HL2(Q%) | HLtngo(Q )H HL;‘L%(Q%{) | HLE;TL%O(Q%) <

-
5=

1
4

By a Gronwall argument, we have

<eb 1.

2
Hw”Lé”L%ﬂL?H%(Q%) =

4.6.2 Bound Higher Derivatives in the Energy Space

Now we bootstrap to higher regularity of w using similar ideas as in the proof of

Proposition
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Proposition 4.22. For anyn > 1, if u = v+ w in Qg—n, where v,w are bounded

m

ollze@y ) + 10l 2z o S € (4.55)

[[wl] < ¢n, (4.56)

4
L CFH (Qg—n o)
for some constant ¢, w = curlu solves the vorticity equation (4.6|), and is bounded

m

loll e mz 2oz @y ) < O (4.57)

then for any multiindex o with |a| = n,

<q,

g=n/a) =

3
(a) [[Véwillgq

(b) IVewllg@yn1) < Cn
for some C,, depending on ¢, and n.

Proof of Pmposition (a). Similarly we fix smooth cut-off functions g, and ¢,
which satisfy

1Q8—n—1 S Sn S 1@3771/4 S On S 1Q87n/2'
Differentiate (4.6 by V¢,
HVew+u-VV% — V%% - Vu+ Py = AV W, (4.58)

where

P, = Z “ curl (Vﬁw X Vo‘fﬁu) .
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Multiply (4.58) by %gg(vaw)% then integrate in space,

G [t g [ gvvelipa
< / (0 +u-V+A)d] ]Vo‘w]% dz
+ / SV -V - (VOw)? dz
+ /vaw (V)2 @ Vb) - vda
Hlolig, ) [ Ivoultde+ [ BIVVuiPas

+ Z/gg(v%)% -P,dx

same as in the proof of Proposition (a). So

d 1
T Q?;|V°‘w|§d:u+3/gg|vvo‘wi|2dx

a 3
<C (14 [u®)llio, ) + IV0Olio,.,) [ hI7%I da

+Z’/ 6(Vow)2 - Py da.

Terms other than P, are dealt with by the same way as in Proposition 4.21

2

. 1 3

/@i\vawgdwé Ivow()?, (/@ﬁlvawlgd‘”) |
L3 (By )

The induction condition (4.57) ensures that |[Vew|z2(q, ) < cn. Therefore

0 1
o 2
[ (5 IOl + 1900 oy ) IV
1
< (14 Wllm + ol g )19l ) < O
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Now let’s focus on P,.

n n n
[Pl $ D IVFl| V54 ] < 3 [ 9hw|| 9 F o 4 37 [Vhwl [V
k=0 k=0

k=0

We denote

P, = |Viw||[V"F | Py = [VEw|[V ).

First we estimate P, ;. By (4.55)) and (4.57)), when k =0,

) n+1
LtlLQ%(ngn) S ||w||L$Lg(Q8_”)||v /UHLfL%(QB_n) S CTL;

||P’U,0’

and when 0 < k <mn,

k 1—k
<[V W||L$L§(Q8_n)||vn+ U||L§L2(Q8_n) < Ch.

P
1P L2 (Quon)

Next we estimate P, ;. When 0 < k < n,

P < IV*0ll ;oo ik, <c.

H w’kHL%Lz%(Qg—n) — ” HLt Lg(ngn)H ”L?Lgo(Qg_n) < n
Finally, when k& = n,

Punl g < |V"w||Vul.
ng (Bgfn
Therefore,
/QZ(VO‘W P, dr < <1+/a$’;\vawr§dm>
" n—1
X Pyill s + > IPuwill s + ||V Lo (.,
(k‘zo H ° L% (BS_") ;) b L:% (Bg—n) x ( 8 )
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In conclusion, we have shown that

1
i/gg|v%|3dx+3/gg|vv%i|2dx§ CP(t) <1+/ggv"w\§dx),

where

1
2(1) = (14 I3y + IV, ) IV

n n—1
P P \Y% oo
+ k:ZO | v,k”L§(38 : + k:Z_O | w’kHLﬁ(BS,n) +IVul Lo (s, )

—-n

with integral

0
/ () dt < C.
_8—2n/4

Taking the sum over all multi-index « with size |a| = n, we have

1
% o8 |Vw|2 dz + 3/ggyv"+1wi|2da: < CP(t) <1+/gﬁ|v"+1w|3dx),

Finally, Gronwall inequality gives

3
9" 6l 3rzn g, 0y < Cn

O]

Proof of Proposition (b). Now we multiply (4.58) by ¢2V®w then integrate over
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R3,

1 o 12 o, |2
/ggw ol dx+/<£\vv%\2dx2/(8t<5+ﬁ<3)|vw

< d
at 2 5

- /(u - VV) - 2V da
+ /(Vo‘w -Vu) - 2V%wdz

- / AVew - P, dx

For the same reason, the only term that we need to take care of is P, term, and

the others are dealt the same as in Proposition [£.21] (b):

a, |2
02 + Ag? M dx — u-VV%W) - V% dz + | (Vow - Vu) - 2V% dz
n n 2 n n
<o V9] + ) Ivel [Vl 4,)
~n L2(Qg—n /4) L2 (Qg—n /4) L*(Qg—n/4) Sng

QWQWF a2
+ IVellie@ny | Eogdo+ [0l IV w2,

L2 2| Vow/? 2 a2
+EHUHL°°(Q8_H/4)/§71 5 dx+e/<n|vv w|®dz.

The last term can be absorbed into the left, and we will use Gronwall on the re-
maining terms.

Now we shall focus on the P, term. From Proposition (a), we have

V"] <C,. (4.59)

3 3 9
LPLENLE LY (Qg—n 4)

Again by interpolation,

anwHL;ng(QS,nM) < Cy, HV”WHL%L%(QSﬂLM) < Cy,
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First we estimate P,, ;. In this case, for any 0 < k < n,

|vn+1—ka 4 < Cn

P i
| w,kHLng(QS_m) <[V WHL;ng(QS_W)l i@y S

Then we estimate P, ;. When 0 < k < n,

HPv,k

k —k
L112(Qgn) = IV w||Lng(Q87n)an+1 vllz218(9y_n) < Cn-
For the case k = 0 of the v term, we put the curl on V%w,
/ggv% curl (w x V%) dx
= /(w x V) - curl(¢2Vow) dz
< /§72L|w]|VO‘v||VVO‘w| + |V !||w|| V* || VO] dx

1
< /<2|w121v%12 dx + €/§,€\Vvaw\2dx + R / V62| Vew|? de.
where |VV%w| term can be absorbed to the left. By (4.59)) and Sobolev embedding,
Therefore

< Ch,.

8*”/4) -

[ GwProe dndt < ol syiq, 1901500

In conclusion,

d o, |2 a, |2
T §2|V2w\ dx—i—/gﬁ\VV“w\de < Co(t) (1+/§2]V2w| dx>,
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where

o(t) = [VowO)ll72p, ., )+ lullie@, . oIVl

81 /4 8~ M /4 s—n/4)

+IVwllzes,_, ) + 0l IVewlliz g

8= /4 s—n/4)

n—1

1 n
+ g”UH%oo(Bs,nM) +> 1Puw k2B, ., + > 1Pkl 2B, )
k=0 k=0

« 1 «
+wll7s s VeullTep T v wt)172(p

s—n/4) H 8—"n /4 s—n/4)

has integral fES_% /16 ®(t) dt < Cy,. Finally Gronwall inequality gives

IVl e r2mrzimy (@ n 1) < Cntre

4.6.3 Proof of the Local Theorem

Proof of the Local Theorem[{.3 First, Proposition gives

||UH5(Q1) <7

where 7 can be chosen arbitrarily small if we pick 7; small. Next, by Proposition

we know

”UHLOO(Q%) <L

These two steps implies (4.47). As for (4.48]), curlw = w in By, so we use interpo-
lation in (4.37):

1 1
| curlw]| ) < HszflL?”wHZfQLg‘* <N

3 < =l
Lth (Q%) L

217
th
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w is harmonic inside Bj, therefore
w
ol g,
due to (4.36]) and p; > %. Therefore, we can use Proposition to obtain

HWHE(Q%) <C.

The next step is to use Proposition [4.22] iteratively. Suppose for n > 1 we

know that

IV wlle@un) < en

which is equivalent to (4.57). Let ¢, and cpgl be a pair of smooth spatial cut-off

functions, with

1 |, <pp<1p , , 1p , <¢h<1p , ,
8N 44 81 +3 8N 42 8M+1
and set
vy, 1= — curl @?IAflgonw, Wy = Ol — VUp.

On the one hand, Vv, is a Riesz transform of ¢,w up to lower order terms, so by

the boundedness of Riesz transform we know
1
||Vn+ U””L2(Q87n/2) < HVHWHLQ(ngn) < cCp—1.

On the other hand, we have similar boundedness estimates following Proposition
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[4.1§] as before,

lonll Lo (@gn ) < 1-

wy, is harmonic in B_1 , so we also have
8N +4

<n.
Li(Q 1 )_77

8N +4

ol g, e Tl g
Therefore, by Proposition
IV'wlle@q-n_1) < Cn-
By induction, we have
IVl e anrzins @y nv) = Cn

for any n. By Sobolev embedding, this implies for any n,

IV "0l oo (@ ns) S IV Wlier2(@q ns) + IV 0l e r2(Qyns) < Cn-

4.7 Appendix: Suitability of Solutions

Theorem 4.23. Let u be a suitable weak solution to the Navier—Stokes equation
in R3. That is, u € LL2N Lflr{x1 solves the following equation in the sense of

distribution,

ou+u-Vu+ VP = Au, divu =0 (4.60)

113



where P is the pressure, and u satisfies the following local energy inequality in the

sense of distribution,

2 2 2
8751;' + div (u (’g' + P>> + |Vul? < A‘u2|. (4.61)

Suppose v € L¥°L2 N L?H; is compactly supported in space and solves the following

equation,

0w +w x v+ VR(u®v) =Av+ C,, diveo =0 (4.62)
6
5

where w = curlu is the vorticity, C, € L} L%+ LIL}

joc.z loc,z 1S @ force term, and

R;:%tr—A’lﬁv&v
is a symmetric Riesz operator. Moreover, suppose v differs from pu by
ou—v=wc LPHNLIH?
for some fived p € C°(R3). Then v satisfies the following local energy inequality,
8‘0224-div (vR(u @ v)) + |Vo? < A’v;—i-v-cv. (4.63)

Proof. 1t is well-known that the pressure P can be recovered from u by

P = —A"1divdiv(u ®u).

114



Since

2
u-quLVP:V’uJerxuVA_ldiniV(u@)u)

=wxu+ VR(u®u),

The Navier-Stokes equation (4.60) can be rewritten as

Ou+w xu+ VR(u®u) = Au, (4.64)

and local energy inequality (4.61) can be rewritten as

[l Jul®
2 )

8t7 +div (uR(u @ u)) + |[Vu[* < A (4.65)

First, multiply by ¢,
Opu + w X pu + VR(u ® pu) = A(pu) + [VR, ¢](u @ u) + [¢, Alu.
Denote
C. = [VR, pl(u®@u) + [¢, Alu

for these commutator terms. Subtracting the equation of v from this equation of

pu, we will have the equation for w. In summary,

Orpu + w X pu + VR(u ® pu) = A(pu) + Cy, (4.66)
0w +w x v+ VR(u®v) =Av+ C,, (4.67)
ow+w xw+ VR(u®w) = Aw+ C, — C,. (4.68)

4 4
Recall from [Vasl0O] that Au € Llic(i )" Since Aw € L?,, we have Av € Llic(st )"

[

115



6
Moreover, C,,C, € L{L2 _+ L?L{

loc,x

Therefore, we can multiply (4.66)) and (4.67) by w, and (4.68)) by ¢u and v,

loc,x?

w- O (pu) +w-wx pu+w- VR(u® gu) = w - A(pu) +w - Cy,

)
w-ow+w-wxv+w-VR(u®@v)=w-Av+w-C,
ou - Ow + pu-w X w+ gu- VR(u®@ w) = pu - Aw + pu - (C, — Cy).
)

v-ow+v-wXxw+v- VRu®@w)=v-Aw+v-(C, — Cy).

Now take the sum of (4.69)-(4.72). O; terms are

ou - w + w - O (pu) + v - dw + w - v
= O(pu - w) + O(w - v)

= Oi(lpul® — |v]*).
wX terms are

W-WXEeu+pu-wXw+w-wXxv+v-wxw=0.
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VR terms are

w-VR(u® pu) +v- VR(u @ w)
+pu-VR(u® w) +w- VR(u ®v)
= div(wR(u ® pu)) + div(vR(u @ w))
+ div(puR(u ® w)) + div(wR(u ® v))
— div(w) VR(u ® pu) — div(v) VR (u @ w)
— div(pu) VR(u ® w) — div(¢) VR.(u & v)
= 2div(puR(u ® pu) — vR(u @ v))
— (u- Vo) (VR(u® pu) + VR(u @ w) + VR(u ® v))

= 2div(puR(u ® pu) —vR(u ®v)) — 2(u - Vo)R(u ® pu).
Here we use dive = 0,div(pu) = divw = u - V. A terms are

ou- Aw+w - A(pu) +v - Aw + w - Av
=A(u-w)—2V(pu) : Vw+ A(v-w) —2Vv : Vw

= A(lpul? = [of*) = 2(IV () [ = [Vo[?).
Commutator terms are
w-Cy+ou-(Cy—Cy)+w-Cy+v-(Cy—C,) =2¢0u-C, —2v-C,.

In summary, half the sum of these four identities (4.69)-(4.72|) gives

5 lpul® — |v]?
t 2
_ Ale2 — |v[?
2

+ div(puR(u @ pu) — vR(u @ v)) + |V (pu) > — |Vo|? (4.73)

+ou-Cy—v-Cy+ (u-Vo)R(pu @ u).
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Next, multiply local energy inequality of u (4.65]) by 2,

5, | pul?

5 + |pVul® + div (¢*uR(u ® u))

2 2
<al?il g2 g

o, |<p2| + |V (pu)|? + div (puR(u ® @u))

+ [div, %] (uR(u ® u)),

Jul?
2
+ [div, ?] (uR(u @ u)) + div(pu[R, ¢](u @ u)).

+ u® V|? +2(u® V) : (pVu)

2
»u
APl

The quadratic commutator terms in (4.74)) are

uf?
2
~ e A il + 29 Ve

(0%, Al + [u® Vo> + 2(u® Vo) : (¢Vu)

Ju?

= —2V(p?)- V*
= _4pVp v'“'2
= —2pVp Vu-u— pAp|ul?
= pu- (—2Vp - Vu — (Ap)u)

= u - [p, Alu.
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Ayp )|2‘ +\u!2\V<p\2+2Vgo-Vu~apu

Al + [uP IVl + 2V - Vu- pu

(4.74)



The cubic commutator terms in (4.74) are

[div, 9*] (uR(u ® u)) + div(pu[R, ¢](u ® u))
=2pVy - uR(u®u) + pu- VIR, ¢](u ® u) + div(eu)[R, ¢|(u @ u)
=2¢(u-Vo)R(u®@u) + pu- VIR, pl(u®@u) + (u- Ve)R, ¢](u® u)
=2¢p(u-Vo)R(u®@u) + pu- VIR, p](u @ u)

+ (u- Vo) R(pu @ u) — (u- Ve)pR(u @ u)

=pu-VoR(u®@u) + pu- VR, pl(u®@u) + (u- Vo)R(pu @ u)
=pu- [V,o]R(u®@u) + pu- VR, pl(u®@u)+ (u- Ve)R(pu ® u)
= pu-([V,¢]R = V]p,R]) (u®@u) + (u- Vo)R(pu @ u)

=ou- [VR,¢|(u®u)+ (u- Ve)R(pu @ u).

Therefore, local energy inequality for pu can be simplified as

2
o, |pul

5 + |V (pu) > + div (puR(u ® pu))

[ul®
<A 5 +ou-Cy + (u- Vo)R(pu @ u).

Subtracting (4.73)) from this, we obtain (4.63]).
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Chapter 5

Boundary Vorticity and Inviscid

Limit

5.1 Introduction

For dimension d = 2, 3, we consider the periodic channel with physical boundary at
rg=0and 4 =1: Q =T x (0,1), where T = [0, 1]per denotes the unit periodic
domain. For any kinematic viscosity v > 0, we denote u” : (0,7) x © — R? the
velocity field of an incompressible fluid confined in €2, subject to no-slip boundary
conditions, and P” : (0,7) x © — R the associated pressure field. The dynamic of

the flow is described by the following Navier—Stokes Equation:

du? +u - Vu' + VPY =vAu’  in (0,T) x Q
divu’ =0 in (0,7) x O (NSE,)

u’ =0 for x4 =0, and x4 = 1.

For any A > 0, we investigate the inviscid asymptotic behavior of u” when v

converges to 0, under the condition that the initial values converge to a shear flow
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of strength A:
lim [u”(0) — Aer[| p2(q) = 0. (5.1)

Note that the steady shear flow u(t,z) = Ae; is solution to the Euler equation with

impermeability boundary condition:

ou+u-Vau+VP=0 1in (0,T)xQ
divii =0 in (0,7) x Q (EE)

uw-n=>0 for g =0, and zg = 1,

where n is the outer normal as shown in Figure [5.1] However, it is an outstanding
open question (even in dimension 2) whether, in the double limit and v — 0, the
solution u” of converges to this shear flow Ae;. The difficulty of this problem
stems from the discrepancy between the no-slip boundary condition for the Navier—
Stokes equation and the impermeable boundary condition of the Euler equation.
Kato [Kat84] showed in 1984 a conditional result ensuring this convergence under
the a priori assumption that the energy dissipation rate in a very thin boundary

layer I', of width proportional to v vanishes:

T
lim/ / v|Vu|? dz dt = 0.
v—0 0 v

This condition has been sharpened in a variety of ways (see, for instance [TW97,
Wan01), [Kel07, [Kel08] and Kelliher [Kell7], for a general review), and similar other
conditional results have been derived (see for instance [BTWI12, [CKV15| [CEIVIT,
CV18]). Non-conditional results of strong inviscid limits have been obtained only
for real analytic initial data [SC98], vanishing vorticity near the boundary [Mael4,
FTZ18|, or symmetries [LFMNLTO08, [MTO0g|. Since [Pra04], it is expected that in
favorable cases, the Prandtl boundary layer describes the behavior of the solution

u” up to a distance proportional to /v. However, even in the simple shear flow
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case, it is possible to engineer families of initial values u”(0) converging to the shear
flow, but associated to Prandtl boundary layers which are either strongly unstable
[Gre00], blow up in finite time [E00], or even ill-posed in the Sobolev framework
IGVD10, IGVN12].

It is actually believed that the inviscid asymptotic limit may fail due to
turbulence (See Bardos and Titi [BT13]). This scenario is consistent with the non-
uniqueness pathology of the shear flow solution for the Euler system . Indeed,
an adaptation to the boundary value problem of the construction based on
convex integration of Szekelyhidi in [Szé11] provides infinitely many solutions to
(EE|) with initial value Ae; (see also Bardos, Titi, Wiedemann [BTW12| for a dif-
ferent boundary geometry). More precisely, the following estimate can be proved

on this construction (see appendix [5.5)).

Proposition 5.1. For any 0 < C' < 2, there exists a solution v to (EE|) with initial
value Aey such that for any time T < 1/(2A):

[o(T) — Aex |72y = CAPT.

The convex integration is a powerful tool introduced by De Lellis and Szeke-
lyhidi [DLS09] to construct spurious solutions to the Euler equation. It proved itself
to be a powerful tool to model turbulence. For instance, the technique was suc-
cessfully applied by Isett [Isel8] to prove the Onsager theorem (see also [BDLSV19]
for the construction of admissible solutions, and [CET94] for the proof of the other
direction). It shows that turbulent flows can have regularity C* for any « up to 1/3,
a property conjectured by Onsager [Ons49]. Proposition predicts the possible
deviation from the initial shear flow Ae; due to turbulence, a phenomenon called
layer separation. Moreover, it provides an explicit value for the L? norm of this
layer separation.

This article aims to provide an upper bound on the L? norm of possible layer

122



separations through the double limit inviscid asymptotic. In our channel framework,

the Reynolds number is given by Re = A/v. Our main theorem is the following.

Theorem 5.2. Let Q be a unit periodic channel in R¢ of dimension d = 2,3. There
exists C' > 0 depending on d only, such that the following is true. Let u = Ae; be a
constant shear flow for some A > 0, and let u” be a Leray—Hopf solution to (NSE,)

with kinematic viscosity v > 0. For any T > 0, we have

14 — v 14
[w”(T) — UH%%Q) + §HVU H%?((O,T)XQ)

< 4f|u”(0) — @72y + CA’T + CA?Re ' log(2 + Re).

This theorem is the special case of a more general result given in Theorem
[b.5at the end of this section. By Leray—Hopf solution, we mean any weak solutions

to (NSE,) which in addition verifies the energy inequality:

1d

5@”“"”%2(9) < V||V |[72 (-

We have the following corollary on any weak inviscid limit, which corresponds to
the layer separation predicted by Proposition [5.1

Corollary 5.3. There exists a universal constant C > 0 such that the following
is true. Consider any family u” of a Leray—Hopf solutions to (NSE,|) such that
ug converges strongly in L?(Q) to Aey. Then, for any weak limit u™ of weakly

convergent subsequences of u”, we have for almost every T > 0 that
[u>(T) = Ae1[|72q) < CAT.

Note that the solutions u” are uniformly bounded in L>®(R*, L?(€2)). There-

fore they converge weakly up to a subsequence in L%,x.
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This result bets on the fact that the double limit to Ae; in the inviscid
asymptotic may fail, which is related to the physical relevance of the solutions
constructed by convex integration. An interesting question is whether such solutions
can be themselves obtained via double limit in the inviscid asymptotic. A first
result in this direction was provided by Buckmaster and Vicol [BV19] where they
constructed via convex integration, in the case without boundary, spurious solutions
at the level of Navier—Stokes. They show that the inviscid limit of this family of
Navier—Stokes solutions can converge to spurious solutions of Euler. However, these
spurious solutions constructed at the level of Navier—Stokes do not have enough

regularity to be Leray—Hopf solutions, and therefore do not fit in the framework of

Corollary

Non-uniqueness and pattern predictability. The non-uniqueness of solutions
to the Euler equation, as proved by convex integration, puts under question the
ability of the model itself to predict the future. Theorem [5.2| provides a first example
of how non-uniqueness and pattern predictability can be reconciled. The energy of
the shear flow is A2, while the maximum energy of the layer separation is bounded
above by CA3T. This predicts pattern visibility on a lapse of time 1/A. On this lapse
of time, the layer separation stays negligible compared to the shear flow pattern.
Especially, the smaller the pattern is (small A), the longer the prediction stays

accurate.

Inviscid limit and boundary vorticity. It is well known that the possible
growth of the layer separation is closely related to the creation of boundary vor-

ticity (see Kelliher [Kel07] for instance). To see this, we formally compute the
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evolution of the L2 distance between u” and a:

— a2 = (0¥ - @, 0pu)

=v(u”’, Au”) — v(u, Au")

V2 — / Jia - () da?
o0

where J[u] = nt @ when d = 2 and J[@] = n x @ when d = 3, and w" is the vorticity
of u”. Since u is a constant on the boundaries, it is crucial to estimate the mean
boundary vorticity. If the convergence vw” ‘ ao — 0 holds in the average sense, then
the inviscid limit would be valid. For a general static smooth solution to Euler’s
equation @ in a general domain (2, we only need Z/w”} ao — 0 in distribution. This
convergence may fail and we could lose uniqueness, but we can still control the size

of the impact from this boundary vorticity using Theorem below.

Figure 5.1: 2D Periodic Channel

Before showing the theorem, we first illustrate which estimates we may expect

and how they prove Theorem Denote the energy dissipation by
V|2
D = v[|[Vu"[[72(0,1)x0)-
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If we take the curl of (NSE,|), we have the vorticity equation,
Ow+1u-Vw=rvAw+w - Vu.

The main difficulties are due to the transport term « - Vw, and the boundary. Let
us put aside those two difficulties for now, and focus on the other terms. Then the

regularity we could expect for w is at best
2| o2
v IVE9| L1 0.myxey Sa vllw - Vullpo.myxa) < D-

Here A <4 B means A < C(d)B for some constant C(d) depending in dimension d
only. This is not rigorous because the parabolic regularization is false in L', but let

us also ignore this issue for the moment. By interpolation, we have

=

3 1
- , ,
Vil s o S (P17 isomyan)” (Ilizqome) Sa D

3
V2

Finally the trace theorem suggests that (again, this is the borderline case for the

trace theorem, so in no way a rigorous proof)

3
2 <4 D. 5.3
179125 ) comy S (53)

Using this L3 estimate, if we integrate (5.2]) from 0 to T, we have

1

iHUU - ﬁ”%?(ﬂ) (T)+D

IN

1 v = — v
Sl = l|72(0)(0) + 18] - v&” || 11 (0.1 <0

IN

1 v — 112 v =
lle” = allLeey (O) + llvw”ll g o gy 18230y x00)

IN

1., 1
Sllw” = allz(0)(0) + 5 D + CA’T|09)
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for some constant C' depending on d only. By absorbing %D to the left we finish
the proof of Theorem Note however, that this direct proof collapses due to the
transport term. In dimension three, v can be controlled at best in Ltlg/ ® while the
best control of Vw is in the Lorentz spaces Li/xg’q for any ¢ > 4/3 (see [VY21h]).
But this is far from enough to bound the transport term uVw in L;x. In dimension
2, the transport term can almost be controlled in L'. But the bound is in negative
power of v and so is useless for the asymptotic limit. However, we can use blow-up
techniques inspired by [Vas10] (see also [CV14] [VY21b]) which naturally deplete the

strength of the transport term.

Boundary vorticity control for the unscaled Navier—Stokes equation. In
the review paper [MMI8], Maekawa and Mazzucato summarized the difficulties of

considering inviscid limit with boundary:

Mathematically, the main difficulty in the case of the no-slip boundary
condition is the lack of a priori estimates on strong enough norms to
pass to the limit, which in turn is due to the lack of a useful boundary

condition for vorticity or pressure.

Following this remark, our proof relies on a new boundary vorticity control. This
is a regularization result for the unscaled Navier—Stokes equation. However, it is
remarkable that this estimate is rescalable through the inviscid limit v — 0. The
strategy of looking for uniform estimates with respect to the inviscid scaling was
first introduced for 1D conservation laws in [KV21a]. It was successfully applied to
obtain the unconditional double limit inviscid asymptotic in the case of a single shock
[KV2Ib]. Note that if (u”, P¥) is a solution to (NSE,), then u(t,z) = u”(vt,vz),

P(t,z) = P”(vt,vx) solves the Navier-Stokes equation with unit viscosity coefficient
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in (0,7/v) x (Q/v):
Ou+u-Vu+ VP = Au, divu = 0. (NSE)

The regularization result on the vorticity at the boundary is as follows.

Theorem 5.4 (Boundary Regularity). There exists a universal constant C > 0
such that the following holds. Let € be a periodic channel of period W and height H
of dimension d = 2 or 3. For any Leray—Hopf solution u to (NSEj)) in (0,T) x €,

there exists a parabolic dyadic decompositianlﬂ
closure {(0,T') x 092} = closure { U (s',t") x By, (xz)},
7
wher60§31<ti§T,O<ri<%, ' € 09, and

B.(y) = {(x’,xd) €N : Hx' — y,Hzoo <7 Tg = yd}

is a box of dimension d—1 in 0S), such that the following is true. Define a piecewise

constant function @ : (0,T) x 0Q — R by taking averages

1 t
th — gt /z wdt
S

da’, fort € (s°,t),z € B,i(z").

“Abr) = | B /B (@)

rt

2

< C|IVulZ20.ryx)-

wly. 11 1
H {‘“>ma"{?’m’ﬁ}}

This theorem provides a “scaling invariant” nonlinear estimate, that is, both

L3°°((0,T)x09)

sides of the estimate have the same scaling under the canonical scaling of the Navier—

Stokes equation (¢, x) — eu(e?t,ex). The bounds in the theorem do not depend on

! A dyadic decomposition into cubes of parabolic scaling. See Definition
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the size of 2 or the terminal time 7', and we do not require any smallness for the
initial energy.

The conclusion of this theorem is slightly different from what we hope in ,
due to some difficulties that we overlooked in the formal argument. To begin with,
the higher regularity V2w € L' is not known. As mentioned before, one reason is
the transport term v - Vw is indeed hard to control. Using blow-up techniques along
the trajectories of the flow first introduced in [Vasl0], it was proved in [VY21Db]
that without boundary in Q = R3, V2w € L9 locally for ¢ > 1 but miss the
endpoint L'. The bounded domain is even more complicated because of the lack of
convenient global control on the pressure. In turn, it means that no control on the
pressure can be brought locally through the blow-up process. This poses problems
when applying the boundary regularity theory for the linear evolutionary Stokes
equation. Indeed, a counterexample constructed in [Serl4] shows that we cannot
control that way oscillations in time. The idea which remedies this problem consists
in smoothing locally in time to gain some integrability. We can then apply the
boundary Stokes estimate for [wd¢ instead of w. This justifies the construction of
w via local smoothing in Theorem Lastly, because the maximal function is not
a bounded operator in L', we only obtained weak L norm instead of L3 norm.

Note that because J[u] is constant on the boundary 0f2, and because @ is

constructed via local smoothing on disjoint domains, we have

T T
/ / Ju] - w” d2’ dt‘ < / / Ja] - & daz/dt‘.
0 JOQ 0 JoQ

We can then apply Theorem and proceed as in the formal computation. One

last difficulty is that Theorem [5.4] is a regularization result, and so the estimate

weakens when t goes to 0. Indeed, it controls only w > max{%, ﬁ, ﬁ} If we
integrate the remainder, there will be a logarithmic singularity at ¢ = 0. To avoid

this, we apply the vorticity bound only in the time interval ¢ € (7,,T) for some
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small time T, ~ /3, and for t € (0,T},) we use a very short time stability of a stable

Prandtl layer to bridge the gap.

General case. We actually do the proof in a slightly more general setting. We
will consider a periodic channel with width W and height H, where the physical
boundary are localized at x4 = 0 and x4 = H (see Figure :

Q= {(:U’,:Ud) 0<zg< H € [O,W]d_l}.

per

The following theorem estimates the layer separation for a more general shear flow

u of the following form:

U(z2)er d=2

U1($3)61 + Ug(wg)eg d=3
In this configuration, we define the Reynolds number as

AH
Re = —
v

where A = [|4| o (g0 is the boundary shear.

Theorem 5.5 (General Shear Flow). There exists a universal constant C > 0 such
that the following holds. Let € be a bounded periodic channel with period W and
height H in R with d = 2 or 3. Let @ be a static shear flow in Q with bounded
vorticity, and let u” be a Leray—Hopf solution to . For a given u defined as

above, denote the maximum shear, boundary velocity, and kinetic energy of u by

G = [|Vi]| oo A = al po a0 E = ||a]Z2q-
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For any T > 0, we have

v —112 v V|2
5 e = ey () + IV I oy }

< exp(2GT){4Hu”(0) — 1l[72(0) + 2vG*T|Q| + CA?[Q|Re ' log(2 + Re)
+ 2Re L E 4 C AT |09 max{H/W, 1}2}.

Note that Theorem is a direct consequence of Theorem with H =
W=1,U=Aford=2,and Uy = A, Uy =0 for d = 3.

This paper is organized as follows. We first introduce necessary tools in
Section [5.2 The boundary vorticity estimate and the proof of Theorem is
shown in Section In Section we finish the proof of the main result, which
are Theorem [5.2]and Theorem[5.5 Finally, we prove Proposition[5.1]in the appendix.

5.2 Notations and Preliminary

We begin with some notations. We will be working with boxes more often than
balls. For this reason, let us denote the spatial box and the space-time cube of

radius r by
B, = {x eRY: |zl oo < 7"}, Q, := (—r%,0) x B,

We denote the same box and cube centered at x and (¢,x) by Br(x) and Q. (t, )
respectively. Near the boundary {z4 = 0}, we denote the half-box and its boundary
part by

BT = {(x',xd) 2 e <70 < g < r}, B, := {(:U',O) 2 e < 7“},

T
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and denote their space-time version by
Q;"— = (77’270) X Br—'i_v Qr = (*72,0) X Br~

Finally, for a bounded set Q and f € L%(Q), we denote the average of f in Q as

]éfdx:é’/gfdx.

In this section, we provide some useful preliminary results and some corol-
laries, which will be used later in the paper. Most are widely known, and we do not
claim any originality in the proof, but we include them here for completeness.

5.2.1 Evolutionary Stokes Equation

Let (u, P) be the solution to the following Stokes equation.

Ou+VP=Au+f in (0,7)xQ
. (SE)
divu =0 in (0,7) x Q

Recall the following estimates on Stokes equations, which can be found in the book

of Seregin [Ser14].

Theorem 5.6 (Cauchy Problem, Section 4.4 Theorem 4.5). Let 2 be a bounded
domain with smooth boundary. Let 1 < p,q < oo, and f € LP(0,T;L9(Y)). There
exists a unique solution (u, P) to (SE|) such that

(1) w satisfies the zero initial-boundary condition:

u=0att=0,

u=0 on (0,T) x 0.
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(2) P satisfies the zero mean condition:
/ P(t,z)dx =0 at any t € (0,T).
Q
Moreover, we have the coercive estimate

H|8tU’ + |v2u| + |VP|HLP(O,T;LQ(Q)) < C(Qapa Q)Hf”LP(O,T;L‘I(Q))'

Theorem 5.7 (Local Boundary Regularity, Section 7.10 Proposition 7.10). Let
l<p<oo, 1<qg<q <oo. Assume u,Vu,P € LYLL(QF), f € LfL?E,(Q;) and
(u, P) satisfy (SE) in Q = Q5. Moreover, assume

u=0 on {zqg=0}. (5.4)
Then we have the local boundary estimate

00l + 1926l + 9Pl Ly o)

< Cp.q.¢) (IIlul + 1Vul + 1Pl poaop) + 171l oy o) )-
Combining these two estimates, we derive the following mixed case.

Corollary 5.8. Let 1 < py <p1 <00, 1 < q1,q2 < 00, f € LI'LE(QF), u, Vu, P €

LP2LE(QF). If (u, P) satisfies (SE) in Q3 and u satisfies (5.4), then u = uy + us
satisfying for any ¢’ < oo, there exists a constant C' = C(p1,p2,q1,42,q") such that

|| Dpur| + \Vzul\HLqul(QJr + ||10euz] + |V2u2|HLqu @h

< O (Il iy + Mot + 190 + Pl ez g )

Proof. Let Q' be a smooth domain such that By C ' C By . Define u; to be the
2
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solution to the Cauchy problem in €’ with force f. By Theorem [5.6] we obtain
2
H\@tuﬂ + [Vour| + |VP1H|LP1(,4,0;L«11(Q/)) < CHfHLfngl(Q;y
Since u; has trace zero, P; has mean zero, we have
[lua| + |Vur | + ’P1|HLP1(—4,O;L'41 @) = CHfHLfngl(Q;r)-
Now we define us = u — u1, P» = P — P;. Since p; > p2, we have

H‘u2’ + |vu2‘ + ‘P2|HLfZL;m"{ql’qQ}(Q;m)

< Oz g + Il + Vil +1Plll 2 pas i )

Note that us solves (SH) with zero force term in Q7 so the desired result follows
2
by applying Theorem [5.7] O

5.2.2 Inhomogeneous Sobolev Embedding

We show that given partial derivatives bounded in inhomogeneous Lebesgue spaces,

a binary function is bounded in L.

Lemma 5.9 (Inhomogeneous Supercritical Sobolev Embedding). Let o € (0,1),
and Q = {(t,z) : t € [-1,0],z € [0,1]}. Let u € L' () with weak partial derivatives

bounded in inhomogeneous spaces
Oru € Ly L°(Q) + L{L(%), O:u € LyLZ(Q) + LTLL(Q),

with p > é,q > ﬁ,r > 1, then u € C(Q) is continuous with oscillation bounded
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Slfllpu - igfu = ||U||osc(Q) < C(HatUHLngOJrLgL; + ”8zUHLngo+L;>OL;)
where C' = C(p,q,r) depends on p,q,r.

z= 2|t|a Z )

z= 1|t~

Figure 5.2: Inhomogeneous Sobolev Embedding

Proof. Up to cutoff and mollification, we may assume u € C*((—o0,0] x [0,00))
with compact support in 202 = (—2,0] x [0,2). Up to translation, we show u(0,0) is

bounded. By the fundamental theorem of calculus, for any A > 0, we have
0 =u(0,0) + /00 gu(—s As®) ds
- Y 0 88 Y *
Taking average for \ € (%, 2) yields
2 o0
|u(0,0)| < ﬁ / |0pu| + Aas® 1D u| ds d.
L Jo
2

The Jacobian of (¢, z) = (s, As®) is
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thus we can bound (0,0) via a change of variable by

u(0,0)] < /g(yatm +azlt] -l ) dz ds
:/\t—“\atu|+aA|t|—1yazu\ dz dt.
4

where % is the region illustrated in Figure [5.2

. —1 —Q -
Now we compute inhomogeneous norms of [t|”~ and [¢t|”” in €

2J¢|* 3
/ It dz = = € Lg*(=2,0),
Lyt 2

11~

T et a0
L2y = 11 € Li (=2,0),

A B et
[ e =St e Y (-2,0)
1

2

1%
1

_1/(3 v/ a_
11/l = 17 (516°) S 177 € LE-2,0)

Here p' < é,q’ < ﬁ,r’ < oo are the Holder conjugate of p, q,r respectively. In

conclusion, |t| ™ and || are bounded in spaces
1| € LELi N Lf L, it e LY LinLiLY,
which completes the proof of this lemma by Hoélder inequality. O

5.2.3 Parabolic Maximal Function

Let us introduce the following notion of maximal function adapted to the parabolic

scaling.

Definition 5.10 (Parabolic Maximal Function). For f € LL (R x R?), we define

loc
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the parabolic maximal function by taking the greatest mean values

t+r

M (t,) := sup f e ldyds

r>0 Jt—r2

For f € LY((0,T) x Q) where Q C R? is a bounded set, we can define Mf by

applying the previous definition on the zero extension of f in R x R

Recall the classical weak type (1,1) bound on the maximal function M:
[MFllpree < Callfll -

5.2.4 Lipschitz Decay of 1D Heat Equation

We end this section by reminding the readers that solutions to the 1D heat equation
have a decay rate of =1 in the Lipschitz norm. It will be useful to control the
Prandtl layer in a small initial time of order O(v3). This result is very elementary.

We give the proof for the sake of completeness.

Lemma 5.11. For z > 0 we have

o0

2 _3
g ne " < 272,
n=1

Proof. We can approximate this infinite series by

Z n2e™"F = ;70 Z(\/En)Qe_(‘/E")Qﬁ
n=1 n=1
— 3 / 22e™ " do + O(ﬁ))
0
= \Z?z_g + O(z_l),
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when z — 0 is small, and

> et 2 et 2 z z
2 —n?z 2 _—nz d —nz d 1 (6 + 1)6 —z

< = — = — = ~

et e St = (S ) - () < -

when z — oo is large. This proves that the left hand side is bounded by Cz 3
for some constant C, which can be easily determined by carefully examine the

estimates. 0
Using this lemma, we can compute the decay rate.

Lemma 5.12. Let v > 0, H > 0, and suppose v(t,xzq) solves the following 1D heat
equation in [0, H]:

O = Vg in (0,00) x (0, H)
v=0 on (0,00) x {0, H}

V=1 att=20

with vy € L*(0, H). Then

_3
Vo)l e < 5 () 4 [vo]| 2-

1
2

Proof. We can write the solutions explicitly in terms of Fourier series. We expand

vg by sine series as

vo(z) = i bn, sin(%) ,
n=1

with

> 2

2 2
>t = lvollza < oc.
n=1
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The solution can be explicitly written as

2

> 2
nTT\ _,n’x?
x) = E bnsin<7)e ea)
n=1
so the derivative is bounded by

22

S (") ()
(oo % 00 9 9 2 %
<) (e

|00 (t, z)| <

n=1
1 _3
(2 2 ur?t\ 1
< HUOHL2 ﬁ) 7
1
< SO0 ool
using the previous lemma. O

5.3 Boundary Regularity for the Navier—Stokes Equa-

tion

The goal of this section is to prove the boundary regularity for the Navier—Stokes
equation with unit viscosity constant: Theorem This relies on the following

local estimate.

Proposition 5.13. Suppose (u, P) is a weak solution to the Navier—Stokes equation

(NSE) with forcing term f € L'(—4,0; L*(By)), such that u € L*°(—4,0; L*(BY)),
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Vu € L2(Q3), and in distribution they satisfy

du+u-Vu+VP=Au+f inQy
divu =0 in Qg -

u=20 on Qo

If we denote

0
€o = /4HVU(t)”iz(B,j) + HfHLQ(BSr) dt,

then we can bound the average-in-time vorticity on the boundary by

Js

Proof. For t € (—3,0), we define

0 1
/ w(t,z',0) dt’df < Clco+cj).
-1

Ut z) = /: u(s, ) ds.

-1

As explained in the introduction, this is needed to tame the time oscillation of the
local pressure, which comes from O;u. This allows us to apply the local Stokes
estimate at the boundary. Denote p(t) = 1jg1)(t), then U = u ; p, where #; stands
for convolution in ¢ variable only. If we denote @ = P, p, and F = (f —u-Vu) % p,

then U satisfies the following system:

U +VQ=AU+F in (=3,0) x By

U=0 on {zg =0}

The proof of this theorem can be divided into three steps: the first two estimate

terms in this system, and the last step uses the Stokes estimate and the Sobolev
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embedding.

Step 1. Estimates on u, U, 0;U, AU. We have via Sobolev embedding and using
that u = 0 on Q9 that

1
||U’\L§L2(Q;) < Ccq (5.5)
for both dimension 2 and 3. Since O,U (t,z) = u(t,z) — u(t — 1, x), we have
1
2
10U | 2 (~3,0xB8) < €
On the other hand, the Laplacian of U is bounded by
1
2
HAU”LtooH;l((fg,o)XB;r) < C”AUHL%’H;l(Q;) < CHVU”L2(Q2+) < Cc.
Step 2. Estimates on F and Q). Applying Hélder’s inequality, by (5.5) we have
lu-Vul| 3 < Cop.
L{LZ (Q3)
Also by (5.5) we have by embedding that
||div(u ® U)HL%W;LS(Q;) < Cop.
for both dimension 2 and 3. By convolution, we bound F' by

1] < Coy.

3 F —1,3 +
verd ooty I Iwet o0ty

Next we estimate Q). Using VQ = AU + F — 9,U we have

1 1
”VQHL%?H;l <Ccy+Ccy+Cci <Clcog+cg).
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Without loss of generality we assume that the average of () is zero at every t. Then
by Necas theorem (see [Serl4], Section 1.4)

1
1@z, < Cleo+cd).

Step 3. Stokes estimates and Trace theorem. By Corollary[5.8 we can split

U = Uy + Us, where for any p < oo, we have
1
10U | + \VQUl{HL?L?(QD + [10:0a] + [V2U2l|| y2 2 1) < Cleo +c5)-

Denote Q(t,2q) := [5 [VU(t,2',24)| dz’, then 0,9 is bounded in

3
Op, 0 € LYLE + LYLZ,((—1,0) x (0,1)).

for any p < co. Note that

2,0 /\vumx e L2,,((=1,0) x (0,1)).

Since by interpolation, L%L;j NL¥®L. c L? ‘24> Dy duality ;€2 is bounded in L% oy
L{LY + L Ly, Similarly, 9., is bounded in
(0,1)) € Ly L3, + L Ly, ((=1,0) x (0, 1))

3
Op, 2 € L7LE + LVLZ,((—1,0) x
for any p > 3 and r > 1 sufficiently small. Now we can use Lemma [5.9] to show 2 is

ontinuous up to the boundary with oscillation bounded by
1

12 ose((=1,0)x (0,1)) < Cleo +¢5)-
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Since the average of {2 is also bounded as

1
/deddt:/+|Vu|dxdt§Cc§,
Q

1

we have () is bounded in L, in particular

Ji

This concludes the proof of this proposition. O

0 1
/ Vu(t,z',0) dt‘ dz’ = Q(0,0) < Co(co + ¢@).
-1

The proof of Theorem [5.4] relies on a domain decomposition inspired by the
Calderén—Zygmund decomposition introduced for the study of singular integrals (see

[Ste93]). We first define the parabolic dyadic decomposition.

Definition 5.14 (Parabolic Dyadic Decomposition). Let L > 0, and let Q be a
periodic channel of period W and height H. We define the parabolic dyadic decom-

position of (0, L) x § as below. Denote

Ry = min{fL, W H} (5.6)

E)
Then we can find positive integer kyr,, kyw, kg, such that
L =4%L,, W =2 28wy, H =2 2k [,
where Lo, Wy, Hy satisfy
Ry < /Lo, Wo, Hy < 2Ry,

First, we evenly divide (0, L) x Q into 4%z . 2kw+1.9ku+1 cybes of length Lo, width
Wy and height Hyp, and denote Qg to be this set of cubes. For each Q € Qgy, we can
divide @ into 4 x 2% subcubes with length Lo /4, width Wy /2, and height Hy/2. This
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set is denoted by Q1. For each cube in 91, we can continue to dissect it into 4 x 2d
smaller cubes with a quarter the length, half the width, and half the height. We
denote the resulted family by Qs. We proceed indefinitely and define Q = UenQp

to be the parabolic dyadic decomposition of (0, L) x .

Proof of Theorem[5.4] The partition of (0,7") x € is constructed as follows. Among
the parabolic dyadic decomposition of (0,7") x €2, we first select a family of disjoint

cubes, denoted by Q°, according to the following rule:

a) For any integer k > 1, in {4*kL0 <t< 4*k+1L0}, we pick every parabolic cube

in Qy, which are cubes of size 4 *Lo x 27FW, x 27%H,.
b) In {t > Ly}, we pick every parabolic cube in Qj.

The selection of these cubes ensures enough gap from the initial time ¢ = 0, which
allows the local parabolic regularization to apply around these cubes. As shown in
Figure[5.3|and Figure[5.4] they form a partition of (0, T) x Q. Figure[5.3|corresponds
to when Ry = min{%, %} < v/Lyg, and figure corresponds to when Ry = /Lo =
VT, in which case @ does not happen.

We are interested in cubes that touch the boundary, i.e., having zero distance
from 0f). We call these cubes the “boundary cubes”. Given a boundary cube ) € Oy,
that meets the boundary {zy = 0}, we denote its length as | = 47%Lg, width as
w = 27%Wp, and height as h = 27¥Hj. Thus for some (¢,2’,0) € (0,T) x 09, Q can

be expressed as

Q= (t—-11t)x Bw/g(:v’) x (0,h), Bw/g(l'/) = {y' : Hx' — y'Héoo < w/2}

Let us denote

2Q = (t — 21,t) X By(2") x (0,2h).
Similar definition applies to boundary cubes that touch {x4y = H}. A boundary

144



2Wo
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a1 H

‘\ 0 VLo 2v Lo
Vi

Figure 5.3: Initial Partition Q° of a Long Channel (0, L) x

VLo 3VLo VLo

[N

S

Figure 5.4: Initial Partition Q° of a Wide Channel (0, L) x
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cube ) € Q. is said to be suitable if it satisfies
][ \Vul? dz dt < cg(27%Ro) ™4 (S)
2Q

for some ¢y to be determined.

Starting from Q°, we decompose the boundary cubes based on the following
rules. For each boundary cube in the initial partition Q° that is not suitable, we
dyadically dissect it into 4 x 2¢ smaller parabolic cubes. For each smaller boundary
cube, we continue to dissect it until the suitability condition is satisfied. This
process will finish in finitely many steps almost everywhere because Vu is bounded
in L? for any Leray-Hopf solutions, so all sufficiently small cubes are suitable.

The final partition will contain a subcollection of dyadic boundary cubes
{Qi}i ea C O that are suitable, mutually disjoint, and verify closure {(O7 T) % 89} =
closure { U, QZ} For each boundary cube Q° € Q, centered at (t(), (")), we denote
its length as [; = 4% Ly, width as w; = 27FW,, and height as h; = 2-%Hy. Thus Q'

can be expressed as

It is easy to see from our construction that 2Q° C (0,7) x Q. Denote r; = 27¥ Ry,

then from Definition [5.14] we have
ri < \/li,wi, hi < 215
Suitability of Q" implies
][ |Vu|? dz dt < cory t.
2Qi
Using the canonical scaling of the Navier-Stokes equation u,(t,z) := ru(r®t,rz),
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Proposition [5.13] implies that

g = f
=7,

We can use this Proposition because Q' is comparable to a parabolic cube.

no;

][ w(t,2’,0)dz’
t

1
dt < C(co+cg)ry? = ciry 2
M —y,

1

Now we separate three cases:
1. If Q' € Q°N Q;, with k > 1, then by condition @), any (t,x) € Q' satisfies

t<4l; < 161"12, thus in Q' we have

- 1661
< —.
-t

We can select ¢y small enough such that 16¢; = 1.
2. If Q" € Q°NQy, then by conditionlE[), any (t,r) € Q' satisfies Lo =1; <t < T,
ri = Ry, thus in Q° we have
- < o1,
w<caRy™= ERO ,
Note that this case only happen when T > Lo > Rg, so in fact we know
Ry = min{W, H} /2, thus @ < min{W, H}_Q.

3. If Q% ¢ Q° is not one of the initial cubes in the grid, then its antecedent cube

Q' is also a boundary cube and is not suitable, so

][~ |Vul* dz dt > co(2r;) 74,
20

By the definition of the maximal function M (recall Definition , this
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implies
. 2 —4
ngg1nM(|Vu\ ) > cor; "

for some ¢y comparable to c¢g.

Combining these three cases, for any r, = 2! Ry with [ € Z, we have

{(t,x') €(0,T)x 80 : @ > max{clr:2,t_1,W_2,H_2}}

cUl@ri<rycU fj {@iri =27}

i k=1

Therefore the measure of the upper level set is controlled by the total measure of

these suitable boundary cubes, that is

o0
o> max{ers et w2 a2 < 3 @]
k=1 T‘,L=27k7'*
<D @]
k=1"" p=2—kp,

Note that
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which implies that

Hd} > max{clr*_2, t_l, W_2, H_2}H

< —

Tx

{M(TuP) 2 eaf27hr) 7}

< -

*

(2_k7“*)4

M(|VuP?)|

L((0,T) %)

3

< H\Vuﬂ .
~ LY((0,T)xQ) *

By the definition of Lorentz space, this shows

: 2
SAIVUllz2 o,y <0)-

vl
Hw {eoma{} 5 |} L3:°°((0,T)x59)

This completes the proof of the theorem. O

5.4 Proof of the Main Result

This section is dedicated to the proof of Theorem [5.5. Theorem provides a
control on the large part of @, but it leaves a remainder in the region w < %, whose
integral has a logarithmic singularity at ¢ = 0. To avoid this singularity, we should
apply Theorem [5.4 only away from ¢ = 0, and near ¢ = 0 we should adopt a different
strategy.

Let up, be a shear solution to (NSE,| with initial value up, = 4 (the

=0

pressure term is 0). Then uf, can be written as

Ufl’/r(tv $2)61 d=2
up,(t, ) = ,
Up(t,w3)er + Up,(t,z3)ea d=3
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where Up, solves the Prandtl layer equation,

QUL = vdy,e,UY  in (0,T) x (0, H)

Us. =0 on (0,T) x {0, H} - (Pry)

Ug, =U at t =0

We choose a small positive number 7, < T to be determined later, and
separate the evolution into two parts: in a short period (0,7),), we compare u” and
@ with the Prandtl layer uf, , while in the remaining time (7,7, we compare u”
and @ using the boundary vorticity.

Before we proceed, let us remark on a few useful computations and estimates
that will be used repeatedly in this section. If v,w are two divergence-free vector
fields in (0,7") x € satisfying the no-slip boundary condition v = 0 and the no-flux
boundary condition w - n = 0 on 0 respectively, then we have the following three

estimates:

(v—w,v-Vv—w-Vw)=(v—-—w,v-Vv—w))+ (v—-w,(v—-—w) Vw) (5.7)
< |Vl peolv — wl 72,

(v—w,VP):/(mP(v—w)-ndS:O, (5.8)

(0= w, Av) = — [ Vo220 + (T, Vo) —/ w-owdS  (5.9)
o0

1 1
< —[|Vol2s + =l Vul . — / Jlw] - curlvds.
2 2 90

Here J]w] is a rotation of w and curlv is the vorticity of v defined by
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where n' is the rotation of the normal vector counterclockwise by a right angle, and

Vt = (=0zy,0z,). Moreover, note that w - Vw = 0 in (5.7) when w is a shear flow.

5.4.1 Prandtl Timespan

To compute the evolution of u” — up,, first we subtract their equations and obtain
Or(u” —up,) +u” - Vu’' + VP = vA(u” — up,).

The evolution of u” — uf, can be computed using (5.7)—(5.9) as

1d

2 2
LRt PR W]

IN

—(u” — up,, u” - Vu")

2
< IVup [l poo l[u” — up |72
By Lemma the Lipschitz norm of the Prandtl layer at time ¢ is

1
v v 1 -3 E 2
96kl ) = 190l < 500 (1)

Integrating in time, we have

Ty 3 E 3
Aoy < [ 007 (g ) stz G10)
0 109
if we choose T, small enough such that
log2\"* 5 00 s
T, <T,:= 4 E~*0Q|*v°. (5.11)
By Gronwall’s inequality, we have for any 0 < t < T,

1 v 14 v 14 12 —
3l — w7200y (1) + VIV (W@ = up) T2 0 <) < 1w = @ll72(0)(0).  (5.12)
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The evolution of uf,, — @ can be computed using (5.9) as

1d 9 _ _
ia”u%r - u||L2(Q) = (u%r —u, atull;r) = (u;r - U, VAu%r)

IN

2

where || Vi3, < G?|Q] and

/ U - Opup, da’
o0N

Integration in time gives for any 0 < t < T,,, we have

< [Vup:l oo a0 1]l oo (90 [O€2]

1 v —n2 v v 2
§||Upr — |72 (1) + §”VUPrHL2((0,t)xQ)

1% v
< 5G2\Q]t + Av|OQUIVup.| 10,1, 500 ()

IN

1
gG2|Q]t+ SA%QIRe”!

where the last inequality used ([5.10)).
Combined with (5.12]), we have for any 0 <t < T,

1

v — v v
2 llu —U||%2(Q)(t)+§|fvu 720,

< 2f|u” — al|72(g)(0) + vG?|Qt + A*|QIRe
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5.4.2 Main Timespan

The evolution of u” — @ can be computed using (5.7)—(5.9) as

1d
ol I = (7,0
< - —u,u” - Vi) — (v —u, VP”) + v(u” — u, Au”)
1 1
— v —12 V|2 —112
< IVl peollu” = allzz = SvlVaZllzz + S Vallz.

- /a - () d'

Since @ is a constant on each connecting component of 0f2, by integrating from T,

to T', we have

1., - v y
2l —U||%2(Q)(T)+*||VU 727, myx)

1
< Gl =0l (B +G [~ ala e+ 56HT - gl

+A</ / vw? da’ dt| + / / vw d:cdt)
v J{zy=0} v J{zq=H}

Adding (5.13) at t = T,,, we have for any T" > T,, that

174 — v v
e’ = |72y (T) + S lIVu 172 (0.myx9)

T

T T
+ A / / vw? da’ dt| + / / vw? da’ dt| |.
v J{zq=0} v J{zg=H}

5.4.3 Proof of Theorem [5.5]
We first note that Theorem is only interesting when the initial kinetic energy

|u”(0)]| ;2 and |||/, 2 are comparable.

Lemma 5.15. Let 4 € L*(2), and let v’ be a Leray-Hopf solution to (NSE,), so
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the energy inequality holds:

1., , 1
(T Nz + YIVE 120 )00 < e (0) 2y

For any C' > 1, there exists C > 0 such that if [’ (O 2y > Clltll 2y or

[all L2y > Cllu’(0)|| f2(qy), then
[u”(T) — a”%?((z) + 2V||VUV||%2((O,T)><Q) < C'lu”(0) - ﬂ”%%@)-
Proof. If ||u”(0)]| ;2 > C’Hu||L2 , by energy inequality we can bound
v —112 1
I00) =l < (1+ & ) (I (Dl + o)

1 y 1 v
= (1 + C) 1w’ (0) 172y — 2<1 + C>V”W 1201y <)

+(C+ D)7z

< (15 5 (1910~ sy + Ol

— 2|V | 22y + (C + D72
Since [|u”(0)| 2 > C|lal 2 implies [|[| ;2 < &4 [w”(0) — @2, we conclude
[ (T) = all T2y + 2VIIVE” 220 1y < C'llu”(0) = @l 72(q)

for some C" — 1+ as C — oco. If ||u”(0)|| 2 < |||z, then by the energy inequality
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we can estimate

14 — 1 v —
(D) - ey < (14 & ) (CI D) + Il
< (14 O (0) 2oy — 200+ WV B 110
Ly, -
o ) [
1)? 2 2
<(1+3) (WO - s + Ol Olxe)

- 2V||VUVH%2((O,T)><Q) +(1+ C)HUV(O)”%?(Q)-
Since ||@|| 2 > Clu”(0)]| 2 implies [[u”(0)]|;2 < g5 /[u”(0) — @l 2, we again have
[u”(T) = @72y + 20 VU’ [ T20m)x) < C'llw”(0) — @120

and the result also follows. O

Because of this lemma, from here we assume

Ql

< [ O)lF2(0 < CE

for some universal constant C'. Under this assumption, we see there is a trivial

upper bound on layer separation as

1 12 = v
1w (T) = allZz o) + vIVE 120 1)<y < CE (5.15)

again using the energy inequality.
Next we study the rescaled boundary vorticity. Since u” solve (NSE,|) in
(0, T)x €, its rescale u(t, x) = u”(vt,va) solves (NSE) in (0,7 /v)x (£2/v). Moreover,

Vu(t,xz) = vVu”(vt,ve), w(t, z) = vw” (vt,ve).
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Now we apply Theorem [5.4 on u, and we have a rescaled estimate on u” as

3

2

I/(I)Vl{

wa>max{ P ’W2’H2 }}

< CV|IV 7201y x00)- (5.16)
L3> ((0,1)x00)

Proof of Theorem[5.5, We choose T, = 4=XT for some integer K such that
1
ZT* <T, <T.

where T is defined in (5.11]). The average of w” in (T, T) is thus bounded by the

average of @”. To estimate the boundary vorticity in ([5.14]), we split it as

T T
/ / vw? da’ dt S/ / vo¥ da’ dt
v J{xq=0} v J{zg=0}

v 1 B L o2 e da’dt (5.17)
/V /{xd 0} Vw >max{? W }

2

dz’ dt.
/V /{xd O}max{t W2’H2 x

For the first term in ([5.17)), we apply (5.16]) and obtain

A 1 dz’ d
L A e 0

<

I/(I)Vl{

2 L2
hod v v 14
ywu>max{?,—2 YT }}

]' v
< VIV o 1y ey + CATIOO

, Al £3.1 (0,1 x002) (5.18)
L3> ((0,1)x00)
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For the second term in (5.17)), it is bounded by

L2 2
/
/V /{xd O}max{t W2,H2}d$ dt
/ T 2 2 /
SA// dxdt+A// max{,}da;dt
o Jfwa=0y t v Jwa=0) w21

<A1/log< >|E)Q|+Au min{W, H} *T|09|

< A%|Q|Re? 10g<§T> + A3T|9Q|Re~2 max{H/W,1}*.

2
Since T = CE?|0Q|%v3 = C(AQEm) Re3%, we separate the log as

4T E AT
log<T*> 3logRe+2<A2|Q|>+ +C

Thus the second term in (5.17)) is bounded by

2 2
/
/V /{xd O}max{t WQ,HZ}da: dt

< A%|Q|Re !log(Re + C) + 2Re ' E (5.19)

+ A3T|99)| (Re—1 + Re~2max{H/W, 1}2) :

Plugging (5.18)-(5.19) into (5.17) and applying to (5.14) (naturally for the

other boundary {xy = H} the same estimate), we conclude for every T' > T, that

12 — I/ 12
Ju —UHQLZ(Q)(T)JrgHVU H%?((T,,,T)XQ)
T
< 4w = lfa(0) + 2G /T = )22 0 (1) dt

+ 20G*T|Q| + A%|Q|Re ! log(Re + C) + 2Re ' E

+ CAPT|90| (1 + Re~2max{H/W, 1}2) .
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Combined with (5.13)) we see indeed that the above inequality is true for any 7' > 0,

so applying Gronwall’s inequality yields

v ill2 v V)2
sup { |[u” — @32 (1) + 5 | Vu
0<t£T{” IZ2ey () + 5 ”LQ((O,t)xQ)}

< exp(2GT){4Hu”(0) — l[72(q) + CAPT|09)] (1 + Re 2 max{H/W, 1}2) + R,,},
where the remainder terms R, is defined as
R, = 2vG*T|Q| + A%|Q|Re ! log(Re + C) 4 2Re ' E.

Finally, if Re is sufficiently small, then the estimate holds true automatically by

Re™'E term according the trivial bound (5.15). Otherwise, by Re™? < C and
Re ! log(Re + C) < C'log(2 + Re) we complete the proof. O

Proof of Theorem[5.3. In this particular setting, G = 0, E = A?|Q|, W/H = 1.

Therefore we can bound
R, < CA?|Q|Re 'log(2 + Re) + 2Re ' E < CA%|Q|Re ! log(2 + Re)

which finishes the proof of the theorem. O

5.5 Appendix: Construction of Weak Solutions to the

Euler Equation with Layer Separation

This appendix is dedicated to the proof of Proposition In [Szé11], Székelyhidi
constructed weak solutions to (EE)) with strictly decreasing energy profile with vor-
tex sheet initial data in a unit torus Q = T¢, by means of convex integration intro-

duced in [DLS10].
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We will first construct a weak (distributional) solution (v, P) to in a
two-dimensional set T x (0,1), such that v = e; at ¢ = 0 and %HUH%Q (t)y=35—rt
at a constant rate r > 0 for small ¢. To achieve this, we follow the ideas of [Sz¢é11].
However, we first construct a subsolution o on a bigger domain Q = T x [—1,2],
that we will convex integrate only on T X (0,1). The result function v is a solution
to only inside T x (0, 1), but it keeps the global incompressibility dive = 0
in T x [—1,2], together with v = 0 on T x (—1,0) U (1,2). This provides the
impermeability condition needed at the boundary. More precisely, consider (v, @, q) :

(0,7) x Q — R2 x SgXQ x R with respect to some € : (0,7) x  — [0, 00), satisfying

vel? . uc Llloc, g € D', and in the distribution sense

loc?

O +divau+Vg=0
(5.20)
divo =0

and almost everywhere
1U—u<eld.

Here S§X2 is the space of trace-free two-by-two matrices.

To achieve this, we set
v = (Oé, 0)7 u= 5 q - /8
for some a(t, z2), B(t,x2),7v(t, z2) to be fixed. With this choice, we need

e—a’+
Orav + O,y = 0, P 7 > 0.

0 e—p
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The second constraint can be simplified to

2¢ —a® >0, (e —a?+B)(e—pB)>~%

which will be the only constraint by setting 8 = %az thus § = 0. It suffices to find
(cv,7y) that solves Oyav + 05,7y = 0, i.e. we require the conservation of momentum and

need

d 2 1
/adx2 :O’ v = atadl‘g, e > 7042+|’}/|
dt 0.5 2

Let us mimic the strategy in [Sz€é11] and work with a different vortex-sheet initial

data:

1 0<z9<1
a(0,z2) =

0 otherwise

and let a(t, z2) be the piecewise linear function interpolating (—1,0), (0,0), (At, 1),
(1=t 1), (1,0), (2,0) for some fixed A > 0 to be determined as in Figure

Under this setup, it is simple to see that

Opyy = —Orx = Aat|Ogy 1,
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Figure 5.5: The graph of «a(t, x2), %'y(t, x9) forafixed 0 <t < T = %

from which we can recover

—%(1 — a2(t,3:2)) 1< 29 < %
7(t7x2) =
%(1 —a?(t,z2))  otherwise
and as a consequence, we need
1 A 1 1
Let us fix \,e € (0,1), and set
1 € 9

Then & > $a® + || in the space-time region U := (0,7) x T x (0,1) N {a < 1}.
We are now ready to apply Theorem 1.3 of [Szé11] when convex integrating
in (0,7) x T x (0,1) only. This provides infinitely many (9,4) € L{2.((0,T) x Q)

with o € C(0,T;L2_ () such that (0,4,0) satisfies (5.20)), (v,a) = 0 a.e. in

weak

U= (0,T) xTx ((-1,0)U (1,2)) U{a =1}, and v := 0+ 0, u := u + @ satisfy

v@v—u=celd a.e. in (0,7) x T x (0,1).
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From the second equation of (5.20)), z,v0 = —8,,v1, and vy € Cy, (Wa, ™). But
since we didn’t convex integrate on (0,7") x T x ((—1,0)U(0,1)), we still have vo =0
at z9 = 0 and zo = 1. This provides the impermeability boundary conditions at
these points.

Then (v, P) satisfies with the impermeability conditions in (0,7") x T x
(0,1) in the distributional sense for P = ¢ — €, and %|v|2 = €& matches the energy
density profile given in ([5.21)) (note that the constructed solution is not solution to
in the domain (0,7") x T x (—1,2)). Now, we have on (0,7") x T x (0, 1):

d [ o

2
T 7d:c =e(l-X) /aatadxg =—cA(1—-N) /(12\896204] dze = —55)\(1 —A),

ie. %HUH%Q decreases linearly at rate r := 2eA(1 — A).
We consider the deviation from initial value. Since ¥ = 0 a.e. at t = 0, we

know v(0) = v(0) = +ey, and

2
28 [ —vorar=5 [P0 2 [ 00

_ /Gtv(t) - 0(0) da
_ —r—i-/divu(t)-v(O) dz.

The quantity € and ¢ depend only on ¢, x2, so the equation on v; from (5.20]) has no
pressure and verify:

Oppu12 = —0Opv1 — Op, U11-
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Especially, u1a € Cp, (W, ,2>). Therefore,

t,x1

/div u(t) - v(0)de = / —ui2(t, z1,0) + ui2(t, 1,1) dzy
T

= / —t12(t, 21,0) + w12(t, 21, 1) day
T

- _’Y(tv 0) + 7(t7 1) =\

This gives

1d

th/w(t) —o(O)Pdr=A—r =2 eA1 - ).

This rate converges to 1 by setting A — 1 and £ — 0, thus

1 2 !
5””(75) — el = Ot VEE (0’ 2)\) '

Moreover, v = 0 on {z2 = 0,1}.

Now for some A > 0, define (v*, P*) : (0, 537) X2 — R? xR by time rescaling
v*(t,x) = Av(At,x), P*(t,r) = A2P(At,x), where Q = T x [0, 1] is the unit channel.
Then v*(0) = Ae; in Q, v*(¢t) =0 on 0 and

1 1

for some C| A satisfying 0 < C' < X < 1.
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